The Structure of 
the Rational Concordance Group of Knots 



Jae Choon Cha 



Information and Communications University 
Daejeon 305-714, Korea 

Email address: jccha@icu.ac.kr 



Dedicated to the memory of Jerome P. Levine 
(May 4, 1937-April 8, 2006) 



Contents 

Acknowledgment^ 



Chaoter 1. Introduction! 




1.1. Integral and rational knot concordance! 




1.2. Main result^ 



ChaDter 2. Rational knots and Seifert matrices! 




2.1. Generalized Seifert surfaced 




2.2. Limits of Seifert matrices! 



ChaDter 3. Algebraic structure of 




3.1. Invariants of Seifert matrices! 


3.2. Invariants of limits of Seifert matriced 


3.3. Comoutation of ef.A)! 


3.4. Artin reciDrocitv and norm residue svmbold 


3.5. Comoutation of d(A)\ 



ChaDter 4. Geometric structure of CJ 




4.1. Realization of rational Seifert matriced 


4.2. Construction of slice disks in rational balld 


4.3. Rational and integral concordance! 


4.4. Subrings of rationals! 



ChaDt( 


3r 5. Rational knots in dimension thred 




5.1. 


Rational (0)- and f0.5)-solvabilitv! 




5.2. 


Effect of comolexitv changd 




5.3. 


Realization of Alexander modules bv ribbon knotd 




5.4. 


Knots which are not rationallv fl.5Vsolvabld 



Bibliography 



iii 



Abstract 



We study the group of rational concordance classes of codimension two 
knots in rational homology spheres. We give a full calculation of its algebraic 
theory by developing a complete set of new invariants. For computation, we 
relate these invariants with limiting behaviour of the Artin reciprocity over 
an infinite tower of number fields and analyze it using tools from algebraic 
number theory. In higher dimensions it classifies the rational concordance 
group of knots whose ambient space satisfies a certain cobordism theoretic 
condition. In particular, we construct infinitely many torsion elements. We 
show that the structure of the rational concordance group is much more 
complicated than the integral concordance group from a topological view- 
point. We also investigate the structure peculiar to knots in rational homol- 
ogy 3-spheres. To obtain further nontrivial obstructions in this dimension, 
we develop a technique of controlling a certain limit of the von Neumann 
L^-signature invariants. 



2000 Mathematics Subject Classification. Primary 57M25, 57Q45, 57Q60. 
Key words and phrases. Knots, Rational Homology Spheres, Concordance. 



iv 



Acknowledgments 



I would like to express my appreciation of help received from several 
people in pursuing this project. I would particularly like to thank Kent Orr 
for numerous valuable conversions about this work. Discussions with Tim 
Cochran, Jim Davis, Ki Hyoung Ko, Michael Larsen, and Jerome Levine 
were also very interesting and helpful. 



V 



CHAPTER 1 



Introduction 



In this paper we study a classification problem of knots in rational ho- 
mology spheres. More precisely, a closed manifold with the rational homol- 
ogy of the sphere of the same dimension is called a rational sphere, and a 
codimension two locally flat sphere embedded in a rational sphere is called 
a rational knot. Two rational knots K and K' with the same dimension are 
said to be (rationally) concordant if there is a rational homology cobordism 
between their ambient spaces which contains a locally flat annulus bounded 
by U —K'. Under connected sum, concordance classes of n-dimensional 
rational knots form an abelian group which we call the rational knot con- 
cordance group and denote by Cn- Our main aim is to study the structure 
of Cn- 

There are some interesting motivations of our research. We list a few of 
them below. First, rational knot concordance has a close relationship with 
concordance of links in the ordinary sphere. While there is a known frame- 
work of the study of link concordance (e.g., see Cappell-Shaneson [2] and Le 
Dimet j30j ). it still remains far more elusive than knot concordance because 
of a lack of our understanding of related homotopy theoretical and surgery 
theoretical problems. In the remarkable work of Cochran and Orr |10l I12j . 
it was first proposed that problems on link concordance can be transformed 
into ones on rational knot concordance. Based on this idea they proved the 
long-standing conjecture that not all links are concordant to boundary links. 
For some further developments and applications, see subsequent work of Ko 
and the author O |5] . 

Since these successful applications, more systematic study of rational 
concordance has been called on. Note that rational knot concordance is a 
natural generalization of ordinary concordance of knots in the sphere which 
has a deep and rich theory. For results on ordinary knot concordance par- 
ticularly related to this paper, see Levine |33l I32| . Kervaire j26j . Cappell- 
Shaneson [3], Casson-Gordon [Hinj; and Cochran-Orr-Teichner jl3l I14j . 
Regarding this, it is natural to ask whether one can establish an analo- 
gous theory for rational knots. The only result which has been known is 
that the knot signature function |45^ 138^ 144^ 13 7^ I33j extends to rational 
knots jl2^ [7] . Indeed all the known applications to link concordance depend 
on this signature invariant. 
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We also remark that Cochran and Orr pointed out in an unpublished 
note that rational concordance is closely related with the rational homology 
surgery theory developed by Quinn |39j and Taylor and Williams |43) . From 
this viewpoint, rational concordance can be regarded as a particular instance 
of rational homology surgery which provides computational techniques and 
examples. 

In this paper we perform through analysis of the structure of the rational 
knot concordance group C„. As one of the results, we give a full calculation 
of its algebraic theory by constructing new algebraic invariants and com- 
puting them. In particular, we discover infinitely many independent finite 
order elements in C„ for odd n > 1. Compared with the ordinary knot con- 
cordance group from a topological viewpoint, it turns out that the rational 
knot concordance group has a very different structure. We also investigate 
the structure peculiar to knots in rational 3-spheres. In this dimension we 
develop a computational technique of further obstructions to rational con- 
cordance using the von Neumann p- invariants. 

In this paper we work in the category of oriented piecewise linear man- 
ifolds. Submanifolds are always assumed to be locally flat. Our results 
also hold in the categories of smooth and topological manifolds with minor 
modifications if necessary. 

1.1. Integral and rational knot concordance 

We begin by recalling known results on the group of concordance classes 
of codimension two knots in S"'"''^, which we call the integral knot concor- 
dance group and denote by C^. In higher dimensions, is classified using 
abelian invariants of knots which can be extracted using several different 
techniques. For n > 1, Kervaire [26j and Levine |33l I32| first computed 
the structure of using Seifert surfaces and Seifert matrices. Cappell 
and Shaneson applied their homology surgery theory to identify with 
a surgery obstruction F-group In |23l I24| . Kearton showed that the 
same classification can be obtained using the Blanchfield form ^ for odd 
n > 1. We remark that is isomorphic to the set of integral homology 
concordance classes of knots in integral homology spheres for n > 1. This 
justifies our terminology "integral (homology) concordance". 

By work of Cochran, Orr, Ko, and the author |12^ El |H], a framework 
of the rational concordance theory has been initiated. Its basic strategy 
is similar to the above integral theory, but, it involves more sophisticated 
topological and algebraic constructions that produce objects whose struc- 
tures have not been fully understood. 

The essential difference between the integral and rational theories is il- 
lustrated in the following general observation which introduces the notion 
of complexity. Suppose that M is a properly embedded connected subman- 
ifold of codimension two in W. If Hi{W;Z) = H2{W;Z) = 0, then from 
the Alexander duality, it follows that Hi(W — M; Z) is the infinite cyclic 
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group TL generated by a meridian of M. On the other hand, if we assume 
a weaker condition that ffi(VF;Q) = if2(W^;Q) = 0, instead of the inte- 
gral homology condition, then the torsion-free part of K\{W — M; Z) is still 
Z, but in general, the meridian no longer generates it. The duality (with 
rational coefficients) merely says that the meridian represents a nonzero el- 
ement in Z, and its absolute value c measures the extent of this failure. 
We call c the complexity. Because the complexity can be an arbitrarily 
large integer, one cannot apply key arguments of the integral concordance 
theory to the rational case. For example, suppose that an ra-dimensional 
knot K in S"""*"^ is a slice knot, that is, there exists a pair {A,D) of an 
(integral homology) (n + 3)-ball A and an embedded (n + l)-disk D such 
that d{A, D) = {S"'~^'^,K). From the above observation it follows that the 
abelianization homomorphism tti{S^~^'^ — K) Z extends to 7ri(A — D^). 
This enables us to extract obstructions to being an integral slice knot from 
abelian invariants of knots. In contrast to this, if A were a rational ball, 
then the homomorphism would not extend in general. In this case it can be 
seen that a homomorphism ■ki{S^^'^ — K) — > Z sending a meridian to the 
complexity c of -D C A does extend. But the value of c is unknown unless a 
particular (A, D) is given. 

From the viewpoint of [7j based on Seifert surfaces and Seifert matrices, 
the notion of complexity discussed above is also related to the fact that a 
rational knot may not admit any Seifert surface while every integral knot 
does. Instead, for a rational n-dimensional knot K with n > 1, there is 
a positive integer c such that the union of c parallel copies of K bounds 
an embedded submanifold, which is called a generalized Seifert surface of 
complexity c (a framing condition is required for n = 1; see Section I^TTI for 
a precise description). 

If n is odd, a Seifert matrix of a generalized Seifert surface is defined in 
the usual way. A difference from the integral theory is that our Seifert matrix 
has rational entries in general. Using Seifert matrices, we can define an 
algebraic analogue of C„,, which is called the algebraic rational concordance 
group and denoted by Qm together with a homomorphism <!>„,: C„ Qn- 
This may also be viewed as an analogue of Levine's homomorphism of 
into the algebraic (integral) concordance group of Seifert matrices. Roughly 
speaking, for each c, we form the algebraic concordance group Gn.c of Seifert 
matrices of generalized Seifert surfaces of complexity c as Levine did in 33^ , 
and define Qn = lini ^ Gn,c to be the limit of a direct system consisting of 
the Gn,c and certain homomorphisms. This construction can be viewed as 
a functorial image of Q = lim (l/c)Z. (In Section 12.21 a purely algebraic 
definition of Qn is given.) 

Given a rational n-dimensional knot, a Seifert matrix of a generalized 
Seifert surface of complexity c represents an element in Gn,c^ and sending it 
by the canonical homomorphism into the limit, an element in Qn is obtained. 
For odd n> 1, it gives rise to the homomorphism : Cn ^ Qn- For n = 1, 
it turns out that a homomorphism $i into Qi is defined on a subgroup sCi 
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of Ci which fits into an exact sequence 
— > sCi — >Ci 



0. 



(For details, see Section 12.11 ) In jl2l [7] it was shown that C„ contains a 
subgroup isomorphic to by investigating a signature invariant of Gn and 
pulhng it back via ^n- 

In spite of the importance of Qn and in the study of C„ , several inter- 
esting questions on their structures have not been answered. For example, 
it has not been known whether Gn and C„ have torsion elements. Also there 
has been no geometric answer to the question how much structure of Cn can 
be revealed via 



1.2.1. The structure of Qn- As an answer to the above questions, we 
give a full calculation of the structure of the limit Gn- 

Theorem 1.1. The group Gn is isomorphic to © (Z/2)°° © (Z/4)°°. 

Although it is abstractly isomorphic to the integral (algebraic) knot 
concordance group of Levine, we do not have any natural identification which 
is topologically meaningful. In fact it turns out that, from a topological 
viewpoint, their structures are drastically different. It will be discussed in a 
later subsection. 

In Chapter 13 we construct a complete set of invariants of Gn, and by 
realizing and computing them, we prove Theorem ll.il Briefly, our invariants 
of 

Gn can be described as follows. We need to start with known invariants 
of the integral algebraic concordance group Gn,c- An algebraic number z 
is called reciprocal if z and are conjugate, i.e., if they share the same 
irreducible polynomial over Q. It is known that the concordance group of 
Seifert matrices maps into the direct sum of Witt groups of nonsingular 
hermitian forms on finite dimensional vector spaces over number fields Q{z) 
equipped with the involution z = z~^, where z runs over reciprocal numbers. 
This associates to a Seifert matrix A a Witt class of a hermitian form Az 
over Q{z), which is called the z-primary part of A. The signature of A^ 
(defined for |z| = 1 only), the modulo 2 residue class of the dimension r of 
Az, and the discriminant 



give rise to invariants of the integral algebraic concordance group. 

To construct invariants of Gn, we take "limits" of the above invariants. 
Let P be the set of all sequences a = (. . . , a2, «i) of reciprocal numbers a, 
such that {ariY = on for all i and r. (P can be viewed as the limit of an 
inverse system consisting of the sets of reciprocal numbers and morphisms 
z z"^ .) Let Pq be its subset consisting of a = (oj) with \ai\ = 1. For 
an element A in Qfi reprcsGntcd. by 9; Seifert ixicitrix A of complexity c, we 
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consider the invariants of A associated to the c-th coordinate Oc of a G P 
(or Po)- That is, we define 



A discriminant invariant of Gn is also defined in a similar way, but its value 
lives in a more complicated object since the codomain of the discriminant 
of Az depends on z. We form a limit 



and define the third invariant d(A) to be the element in the limit represented 



We remark that the above invariants of A do not carry full information 
on (the concordance class of) the representative A. Indeed, observing that ac 
has the property that for any r there exists a reciprocal r-th root (= arc), 
it can be seen that not all reciprocal numbers appear as the concerned 
parameter ac- An interesting result is that this limited information gives rise 
to well-defined invariants of Qn, and furthermore, it is enough to classify Qn- 

Theorem 1.2. The invariants s, e, and d form a complete set of invari- 
ants of Qn. 

Pulling back via ^n'- Cn ^ Gn, s, e, and d give rise to invariants of the 
rational knot concordance group. 

In Section we discuss the above construction in detail and prove The- 
orem We remark that our invariant s{A) is equivalent to the signature 
invariants studied in jl2L [7j. Compared with other invariants e and d, the 
signature s is much easier to define and use, since the crucial condition of 
a = (ttj) that ai must have a reciprocal r-th root for all r is automatically 
satisfied whenever ai has unit length. 

In the proof of Theorem II. H concrete examples of infinitely many in- 
dependent order 2 and 4 elements in Qn ai'e constructed. Some order 2 
elements can be detected by using the invariant e. Since its value lives in a 
simple domain (Z/2)'^, it is easier to handle than d. The crucial step is to 
find elements a in P which are not contained in Pq so that the Oc-primary 
parts have no contribution to the signature. (See Corollarv I.S.19I ) 

For order 4 elements, much more complicated algebraic arguments are 
involved because we must compute the invariant d that lives in a limit. 
The Artin reciprocity, which is one of the central machinery in algebraic 
number theory, plays a crucial role in our computation. In what follows 
we discuss our idea briefly. In order to show the nontriviality of d in its 
codomain, we need to investigate the norms of field extensions of the form 



s{A) = (signature of AaJa(^Po 

e{A) = (dimension of Aa^ mod 2)aep 




Q{ai + ar^) 



by 
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Q(q^c)/Q(«c + ctj^) where a G P, and study their limiting behaviour as c 
goes to infinity. For a fixed c, by the Hasse principle, this global problem 
is reduced into a local problem over completions Q{ac)^ /Q{ac + ctc^)v with 
respect to valuations v of Q(qc + ct~^). Now we appeal to the local Artin 
reciprocity, which asserts that there is an epimorphism 

Q(ae + a-i),^ Gal(Q(ae)7Q(ae + a-'),) 

whose kernel consists of nonzero norms of Q(ac)^/Q(oc + ctc^)v- We in- 
vestigate the limiting behaviour of the effect of this local Artin map on the 
discriminant, as c goes to infinity. In general, it seems a hard algebraic 
problem requiring a deep understanding of number theoretic phenomena. 
Fortunately, by constructing Seifert matrices carefully, we are led to a very 
specific instance of the problem for which we can control the limiting be- 
haviour. One of the key steps is to find suitable valuations v. For this we 
do inductive analysis of prime splitting over a tower of field extensions of an 
arbitrary height (see Section EH for details). This enables us to construct 
desired finite order elements in Qn- 

1.2.2. The structure of <!>„. Sections 14.11 and 14.21 of this paper are 
devoted to a geometric study of the structure of the homomorphism . An 
obvious observation is that is not injective; for instance, $n does not 
detect the effect of the action of the rational homology cobordism group 
of rational (n -|- 2)-spheres on C„ given by connected sum with ambient 
spaces. In order to avoid such complications from ambient spaces, we think 
of a subgroup bCn of Cn which is generated by knots in rational spheres 
bounding parallelizable rational balls. The following result shows that this 
geometrically defined subgroup 6C„ is crucial in understanding the homo- 
morphism in higher odd dimensions, it is a largest subgroup which is 
classified by 

Theorem 1.3. 

(1) For even n, bCn is trivial. 

(2) For odd n > 3, the restriction ^n\bC„ ■ bCn Qn is an isomorphism. 

(3) For n = 3, *I*3|bC3 ^■^ ^''^ isomorphism of bC^ onto an index two 
subgroup of which is isomorphic to Z°° © {Z/2)°° © (Z/4)°°. 

(4) For n = 1, ^i\bCinsCi is o, surjection onto Qi. 

This can be compared with the results of Kervaire j26| and Levine j33j 
on integral knot concordance. In the topological category, the above (2) 
holds for n = 3 instead of (3). An immediate consequence of Theorem 11.31 
is that for odd n > 1 the exact sequence 

— > Ker — >Cn^ Im — > 

splits, and therefore, 6C„ = Im<I>„ = Qn (or its index two subgroup if n = 3) 
is a direct summand of Cn- From this it follows that Cn contains infinitely 
many independent elements of order 2, 4, and infinite. 
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In Section 14. H the surjectivity is shown by a constructive reahzation 
algorithm of Seifert matrices of rational knots. In general, our algorithm 
produces a knot in an ambient space which is not necessarily an integral 
homology sphere, since a given Seifert matrix may have non-integral entries. 
We also remark that a characterization theorem of Alexander polynomials 
of rational Seifert matrices is proved in Section 13.51 (see Theorem I3.22j) . 

Section 14.21 is devoted to the injectivity. For this we mainly use tech- 
niques of ambient surgery. In comparison with the integral case, we need 
more complicated arguments because we should perform ambient surgery in 
a rational ball which may have nontrivial homotopy groups even below the 
middle dimension. 

We remark that when n is even our argument shows more than Theo- 
rem For more details, see Theorem 14.131 

1.2.3. Comparison with the integral knot concordance group. 

As remarked above, although 6C„ = for n > 1, we have no canonical 
identification between them. A natural topological way to compare their 
structures is to study the canonical map — > bCn C C„. In Section 
using our invariants of Qn, we prove the following results: 

Theorem 1.4. 

(1) For odd n, the kernel of bCn contains a subgroup isomorphic 
to (Z/2)°°. 

(2) For odd n > 1, the cokernel of C,^ bCn contains a summand 
isomorphic to Z°° (Z/2)°° (Z/4)°^. 

This illustrates that the geometric structures of integral and rational 
knot concordance groups are drastically different. Cochran (using work of 
Fintushel and Stern |17j ) showed that the figure eight knot is a nontrivial 
element in the kernel of Cf bCi, and Kawauchi showed that an analogous 
higher dimensional knot is nontrivial and contained in the kernel of — > bCn 
for n = 4k + I > 1 j22j . Theorem 11.41 (1) is a generalization of these 
results. Theorem 11.41 (2) is a generalization of a previous result of Ko and 
the author [7]. 

Most of our results in higher dimensions extend to the case of knots in 
i?-homology spheres for any subring i? of Q. This is discussed in Section ^31 

In an unpublished note by Cochran and Orr, they studied rational con- 
cordance in higher dimensions using the rational homology surgery theory 
due to Quinn j39j and Taylor and Williams j43j . Our algebraic results can 
be viewed as computation of surgery obstruction F-groups which are related 
to their work. (See R,emarks 13.421 and I4.2()[ ) 

1.2.4. Knots in rational 3-spheres. From the above results, it fol- 
lows that the concordance class of a knot representing an element in bCn is 
determined by its Seifert matrix for odd n > 1. However, it is not true for 
n = 1: 
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Theorem 1.5. There exist knots in which have Seifert matrices of 
integral slice knots but are not rational slice knots. 

This can be viewed as a generalization of the result of Casson and Gor- 
don [SI E] that the integral concordance classes of knots in are not 
determined by Seifert matrices. More recently, Cochran, Orr, and Teich- 
ner |13|, I14j have developed a new obstruction to being an integral slice 
knot. Although they partially considered rational concordance, no informa- 
tion on the structure of Ci was extracted via their obstruction because of 
the same sort of difficulty that the complexity may be nontrivial. 

In Chapter [3 we extend methods and results of Cochran-Orr-Teichner 
\13\ I14j to rational concordance. These results hold in the topological cate- 
gory (where submanifolds are assumed to be locally flat) as well as the piece- 
wise linear and smooth categories. To discuss out results, we recall some 
basic ideas of the work of Cochran-Orr-Teichner. For h = 0, 0.5, 1, 1.5, . . . , 
they define a rational {h) -solution of a closed 3-manifold M to be a 4- 
manifold W bounded by M whose intersection form over a solvable group 
ring coefficient satisfies certain surgery theoretic conditions. When a ratio- 
nal knot K admits a generalized Seifert surface, it determines a well-defined 
zero- framing, and we can think of the zero-surgery manifold M oi K. If M 
admits a rational (/i)-solution W , we say K is rationally {h)-solvahle. This 
is a refinement of the rational slice condition; a rational solution W can be 
viewed as an "approximation" of a slice disk exterior in a rational 4-ball. 
Concordance classes of rationally (/i)-solvable knots form a subgroup J'-"^^^ 
of Ci which gives a filtration 

(In |13j . rational solvability was considered only for knots in . In Sec- 
tion EH we give a reformed version of the original definition in |13j for 
rational knots.) 

We investigate the structure of this filtration. First, in Section we 
give a characterization of rationally (0)- and (0.5)-solvable knots. For /i = 0, 
it turns out that the rational (/i)-solvability of a knot is indeed none more 
than a condition on its ambient space; a knot is rationally (O)-solvable if 
and only if its ambient space admits a rational (O)-solution. In general, the 
solvability condition of the ambient space is not sufficient, since there are 
further complications from knotting. For h = 0.5, it turns out that the 
limit of Seifert matrices gives rise to an obstruction to being a rationally 
(0.5)-solvable knot. In fact in Section [5. II we prove the following result: 

Theorem 1.6. ^2)/^.5) ^ = (Z/2)°° e (Z/4)°°. 

For a further investigation of the structure of the filtration, we use the 
von Neumann p-invariants of Cheeger-Gromov [HI which were first consid- 
ered by Cochran-Orr-Teichner |13^ I14j for knots. This enables us to prove 
the following result: 
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Theorem 1.7. has infinite rank. 

In fact we construct integral knots in S"^ with metabolic Seifert matrices 
which generate an infinite rank subgroup in J^^/J^^^ (see Theorem I5.25|) . 
From this Theorem 11.51 fohows. 

In jl3^ I14j . Cochran~Orr~Teichner showed that certain von Neumann 
yO-invariants are obstructions to having a rational (n.5)-solution of a given 
complexity c (n is an integer), where the complexity of a rational solution 
W is defined in a similar way as the general discussion in Section fl.ll The 
essential problem in applying Cochran-Orr-Teichner's idea to rational con- 
cordance is that the obstruction depends on the value of c which can be 
an arbitrary positive integer. Their main results on integral concordance in 
|13^ I14j are obtained by considering the special case of c = 1. 

The main idea of the proof of Theorem ll.Tl is to control the concerned von 
Neumann /?- invariant as c varies. Very roughly speaking, the von Neumann 
p-invariants are determined by elements in a metabolizer of the Blanchfield 
form on a certain Alexander module, where the structures of the Alexander 
module, Blanchfield form, and the metabolizer configuration depend on the 
value of c. To handle an arbitrary value of c, we investigate the limiting 
behaviour of them as c goes to infinity. Even in the case of integral knot 
concordance, calculation of the configuration of metabolizers is the most 
difficult step in applying this machinery. Our contribution in this regard 
is to give a concrete construction of knots with the following property: for 
any c there is a unique proper nontrivial submodule in the Alexander mod- 
ule associated to complexity c. This enables us to compute explicitly the 
metabolizer for any complexity c and to control the behaviour of the von 
Neumann /)-invariant. In fact, we show that there is a family of infinitely 
many knots such that a particular von Neumann p-invariant, which is inde- 
pendent of c, gives an obstruction to admitting a rational solution of any 
complexity c (see Theorem I5.21|) . 



CHAPTER 2 



Rational knots and Seifert matrices 

2.1. Generalized Seifert surfaces 

In this section we discuss a generalization of Seifert surfaces to the ra- 
tional knot case. We will sometimes contrast the sophistication peculiar to 
rational knots by comparing it with the counterpart in integral concordance 
theory. Basically most of the ideas of this section are from 7,. We sup- 
plement some technical reformulations for use in later sections. While [Jj 
deals with a general theory of rational links, we focus on the case of knots. 
We remark that in the work of Cochran and Orr |12j Blanchfield forms were 
used instead of Seifert matrices. Our approach will be particularly useful for 
the geometric study of rational knots, as well as for practical computation 
of algebraic invariants. For instance, we will give a constructive realization 
algorithm of rational Seifert matrices in Section [4.11 

Definition 2.1. An embedded n-sphere in a rational (n + 2)-sphere is 
called a (rational) n-knot. 

Recall that we always assume that all submanifolds are locally flat. 
Sometimes we view a rational knot X in S as a manifold pair (S, K). When 
the ambient space of a knot is the honest sphere 5""*"^, we occasionally call 
it an integral knot. 

Definition 2.2 (i). Two rational n-knots {'S,K) and {T,',K') are 
called (rationally) concordant if there is a rational homology cobordism W 
between S and S' and a properly embedded 5" x [0, 1] in W which is bounded 
by X U —K'. If {T,,K) is rationally concordant to the unknot in 5^^"*"^, we 
call it a (rational) slice knot. 

When K and K' are knots in 5"+^ x and 5"+^ x 1 and is 5"+^ x [0, 1] 
in Definition 12.21 it becomes the definition of ordinary concordance. In 
this case we sometimes say that K and K' are integrally concordant, to 
distinguish it from rational concordance. 

From now on, a "knot" means a rational knot unless it is clear from the 
context that it is an integral knot, and similarly for "concordance". 

We denote the set of concordance classes of n-knots by C„, and denote 
the set of integral concordance classes of integral n-knots by C^. Cn shares 
some basic properties with C^; Cn is an abelian group under the addition and 
the inversion operations given by connected sum of pairs (S, i^)#(S', K') = 

11 
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(E^Ti' , K^K') and orientation reversing —(Y!,,K) = {—T,,—K), respec- 
tively. The identity of Cn is the concordance class of (rational) slice knots. 
An n-knot (S, K) is in this class if and only if there is a rational (n + 3)-ball 
A bounded by E and a properly embedded (n + l)-disk in A bounded by K. 

Definition 2.3. For a knot K, a codimension one submanifold bounded 
by K in the ambient space is called a Seifert surface. 

For an integral knot, there always exists a Seifert surface by a transver- 
sality argument. Seifert surfaces play an important role in the study of 
concordance; for example, Kervaire |26j and Levine |33l I32j computed the 
structure of for n > 1 using Seifert surfaces. 

The first remarkable difference of the rational and integral theories is 
that a rational knot may not admit any Seifert surface. This leads us to 
consider a generalized notion of a Seifert surface. Precisely, we adopt the 
following definition of |T|- 

Definition 2.4. For an n-knot K in S, an (n -I- l)-submanifold F in 
T, is called a generalized Seifert surface if F is bounded by the union of c 
disjoint parallel copies of K which are taken along a framing of K (i.e., a 
trivialization of the normal bundle) for some positive integer c. For n = 1, 
we require that F induces a framing on K which is fiber homotopic to the 
framing used in taking parallel copies, c is called the complexity of F. 

We remark that in dimension three, the framing requirement is crucial 
in later results, and it seems the minimal condition required to extract con- 
cordance invariants. For n > 1, we do not need the framing condition since 
any framings of K are fiber homotopic. 

Example 2.5. Consider the lens space S = L(2, 1) obtained by (2/1)- 
surgery along an unknotted circle C in 5^. The meridian of C can be viewed 
as a rational knot K in S. In Figure Q a surface bounded by C and two 
parallel copies Ki, K2 of K is illustrated. It can be seen that the surface 
induces the (2/l)-framing on C . Thus, by attaching a disk along a parallel 
copy of C, we obtain a surface F in S which is bounded by K1UK2. However, 
according to the definition above, F is not a generalized Seifert surface since 
F gives rise to the (l/l)-framing on the Ki while the Ki are taken along the 
(0/l)-framing. 

In fact, it turns out that K does not admit any generalized Seifert surface 
by appealing to Theorem 12.61 below. 

In pp, it was shown exactly when a generalized Seifert surface exists. 
The result in [Jj was stated and proved for the more general case of links. 
For our purpose, it suffices to consider knots only, and in this case, the result 
can be described in a simpler way as follows. 

Theorem 2.6 ([2). 
(1) For n> 1, any knot admits a generalized Seifert surface. 
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Figure 1. 



(2) For n = 1, a knot admits a generalized Seifert surface if and only 
if its Q/7j-valued self-linking in the ambient space is trivial. 

When n = 1, it can be easily seen that the Q/Z-valued self-hnking is a 
concordance invariant of rational knots. Prom Theorem 12.61 (2). it follows 
that a knot admits a generalized Seifert surface if and only if so does every 
knot in the same concordance class. Denoting the subgroup of concordance 
classes of 1-knots admitting generalized Seifert surfaces by sCi, we have the 
following consequence: 

Corollary 2.7. sCi fits into a short exact sequence 

— > sCi — >Ci — > Q/Z — > 0. 

Proof. By Theorem 12. 61 (2). it suffices to show that the self-linking map 
Ci Q/Z is surjective. Por this purpose we generalize the construction of 
Example 12.51 Por an arbitrary positive integer r, consider the lens space 
S obtained by (r/l)-surgery along a component of a Hopf link in S^, and 
view the other component as a knot K in the lens space. In a similar way 
as Example 12. 5( we can construct a surface F in S such that dF consists 
of r parallel copies of K and F D K consists of a single point. Thus the 
self-linking of K is (1/r) + Z G Q/Z. □ 

Since we need to use the argument of the proof of Theorem 12.61 in the 
next section as well, we will give a formal proof which is specialized for knots. 
Another reason to give the proof is that it illustrates the role of the notion of 
"complexity" of a codimension two pair, which is crucially important in the 
study of rational concordance. We start with a definition. Suppose M is a 
codimension two connected submanifold properly embedded in W such that 
Hi{W — M;Q) is a one-dimensional vector space generated by a meridian 
of M. 

Definition 2.8. The complexity of (W, M) (or simply M) is defined 
to be the absolute value of the element represented by a meridian of M in 
Hi{W - M;Z)/torsion ^ Z. 
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Note that this definition must be distinguished from the complexity of 
a generalized Seifert surface. The complexity of {W, M) is always a positive 
integer. As examples to keep in mind, we can think of the complexity when 
{W, M) is one of the followings: 

(1) a knot in a rational sphere, 

(2) a slice disk in a rational ball, and 

(3) a rational concordance in a rational homology cobordism between 

rational spheres. 

In any case, the Alexander duality shows that (W, M) has the above prop- 
erty. 

Assuming that M is framed in W , wc identify its regular neighborhood 
with M X and denote the exterior VF — int(M x D"^) by Em- In particular, 
M X is identified with a subspace of OEm- For a space X, we denote by 

the composition 

p'x: XxS^ — > — > S'^ 
of the projection onto and the map on 5^ given hy z ^ z^, where 5^ is 
viewed as the unit circle in the complex plane. 

Definition 2.9. /: Em — is called an -structure of complexity c 
if the composition 

M X ^ Em ^ 
is equal to p%j : M x ^ S^. 

For simplicity we assume that both dM and dW are connected (or 
empty). Viewing dM as a framed submanifold of dW , we assume that 
{dW, dM) satisfies our assumption above so that its complexity is defined. 
Denote its exterior hy Eqm- 

Lemma 2.10. Suppose that an -structure f : Eqm ~^ of complexity 
c is given and the homomorphism Hi{M) Hi{Em)/ torsion induced by 

M X {pt} — ^M xS^ — >Em 

is a zero homomorphism. If c is a multiple of the complexity of M , then f 
extends to an -structure Em of complexity c. 

Proof. Define a map 

fUp'M-.EoM U {MxS^)^S^ 

by glueing f : Eqm ^ and the map p^^: M x ^ S^. We will extend 
this map to obtain a desired 5^-structure Em S^. 

The induced map /* on Hi factors through the torsion-free quotient as 
follows: 

/* : Hi{Eqm) — > Hi{Eqm) /torsion = Z Z 
where a sends a meridian to c since / has complexity c. By the definition 
of the complexity, there is a unique homomorphism 

P-. Hi{EM)/tOTsion = Z — >Z 
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sending a meridian of M to c. 

By obstruction theory, it suffices to show that the diagram below com- 
mutes: 



where the vertical homomorphisms are induced by inclusions. The commu- 
tativity of the upper triangle can be seen by considering the definition of 
p\,i and the following facts: /3 sends a meridian to c and Hi[M x S^) — > 
Hi{Em) /torsion kills cycles from M x {pt}. On the other hand, the lower 
triangle commutes since both a and /? send meridians to c and meridians 
are nonzero in //i(ii^gAf) /torsion and Hi{EM)/torsion. □ 

Now we apply Lemma 12.101 to the case of rational knots to show the 
existence of generalized Seifert surfaces. 

Proof of Theorem 12. 6L Let K be an n-knot in a rational (n + 2)- 
sphere S and let E be its exterior. 

Suppose n > 1 and c is a nonzero multiple of the complexity of K. 
K always has a trivial normal bundle in S and all framings are equivalent 
so that we can view K as a. framed submanifold in a canonical way. Now, 
since Hi{K) = 0, we can appeal to Lemma [2. 101 to obtain an 5^-structure 
f : E ^ oi complexity c. (Note that K and S are both closed so that we 
do not need any maps on the boundary.) By a transversality argument, we 
can pick a regular value of / whose pre- image is a submanifold F in E. F is 
a generalized Seifert surface of complexity c. 

For n = 1 we remark that, although K has a trivial normal bundle, the 
above argument does not work since framings are not unique and Hi{K) is 
nontrivial. Indeed this gives rise to our self-linking obstruction. First we 
show the necessity of the vanishing of the obstruction. If there is a gen- 
eralized Seifert surface F of complexity c, then the Q/Z- valued self-linking 
of K is equal to, modulo Z, {l/c){F ■ K) where • denotes the intersection 
number in S. By the framing condition in the definition of a generalized 
Seifert surface, F ■ K = {). Thus the linking is trivial. 

For the converse, suppose that the Q/Z-valued self-linking is trivial. 
Identify dE with K x hy choosing a framing on K, and let A = -fC x {pt} 
and ^ = {pt} X be the associated longitude and meridian, respectively. 
Choose a 2-chain u in S bounded by r\ [r ^ 0) such that u meets K 
transversally. The self- linking of K is, modulo Z, [l/r){u ■ K). Since it 
vanishes, u ■ K = kr for some integer k. This shows that r(A + k^) = 
in Hi{E). Since A + /c/i is the preferred longitude of some framing, we 



Hi{M X S^) 




Hi{Eqm) 



Hi{Eqm) /torsion = Z 
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may assume that rA = in Hi{E) by changing the framing. Therefore 
Hi{K X {pt}) Hi(E)/toTsion is trivial. Now by using Lemma l2.1fll and 
a transversahty argument as above, we can produce a generahzed Seifert 
surface of complexity c for any multiple c of the complexity of K. □ 

Remark 2.11. The proof of Theorem l2.6l shows that an n-knot K admits 
a generalized Seifert surface of complexity c if and only if c is a multiple of 
the complexity of K (and in addition, for n = 1, K has vanishing Q/Z- valued 
self- linking) . 

2.2. Limits of Seifert matrices 

Now we focus on odd dimensional knots. For notational convenience, 
let n = 2g — 1 and e = (— l)''"''^. We recall some fundamental results about 
integral concordance: for an integral knot with a Seifert surface F, the 
Seifert pairing 

5: Hg{F;Z) x Hg{F;Z) — > Z 
is defined by S{x, y) = lk(rE"'", y) for g-cycles x and y on F where denotes 
the cycle obtained by pushing x slightly along the positive normal direction 
of F. Choosing a basis of Hq(F; Z) modulo the torsion subgroup, A matrix A 
is associated to S. A is called a (integral) Seifert matrix. An integral Seifert 
matrix A has the property that A — eA^ is unimodular (i.e., invertible over 
Z) where designates the transpose of A. In fact this characterizes integral 
Seifert matrices; a square integral matrix A with this property is a Seifert 
matrix of an integral knot. 

Definition 2.12. A square matrix A is called metabolic if it is of even 
dimension, say 2g, and congruent to a matrix whose top-upper gx g subma- 
trix is zero. Two square matrices A and B are called cobordant if the block 
sum A © (—B) is a metabolic matrix. 

In |33j . Levine proved that cobordism is an equivalence relation of in- 
tegral Seifert matrices, and their equivalence classes form an abelian group 
under block sum, which is called the algebraic concordance group. We denote 
it by G^. He also proved that Seifert matrices of integrally concordant knots 
are cobordant. This establishes a group homomorphism G^. The fol- 

lowing result of Levine transforms the geometric problem of (integral) knot 
concordance in higher dimensions into an equivalent algebraic problem: 

Theorem 2.13 (Levine [HSl)- is an isomorphism for odd 

n > an injection onto an index two subgroup of for n = 3, and a 
surjection for n = 1. 

Furthermore Levine computed using associated isometric structures. 

Theorem 2.14 (Levine jHH). = Z°° © (Z/2)°° © (Z/4)°°. 

It can be seen that the image of Cf — > G| is abstractly isomorphic to 
the same group too. This gives us a full calculation of the integral knot 
concordance group for n > 1. 
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Returning to the discussion of rational knots, a Seifert matrix of a ratio- 
nal knot can be defined in a similar way, using generalized Seifert surfaces. 
(However, as we will see later, a rational analogue of the algebraic concor- 
dance group is constructed in a more sophisticated way.) For this pur- 
pose we need the rational-valued linking number, which is a straightforward 
generalization of the integral linking number in S*"^". For concreteness, we 
give a definition below. 

Definition 2.15. Let x and y be disjoint p-cycle and g-cycle in a rational 
ip + Q + l)-sphere S, respectively. Then the linking number of x and y in S 
is defined to be lks(x,y) = (l/6)(x • v), where v is a (q + l)-chain bounded 
by by for some b ^ 0. 

It is straightforward to check that the linking number is well-defined. 

Remark 2.16. 

(1) The rational- valued linking number is defined for disjoint cycles 
only, and not well-defined on the homology classes; its modulo Z 
reduction is the usual Q/Z- valued linking which is well-defined for 
homology classes. 

(2) If X is a connected submanifold of dimension p which is embedded 
in E, then Hq(T, — x;Q) can be identified with Q in such a way 
that for any (^-cycle y in S — x, the linking number of x and y is 
the element [y] in Hq(T, — x;Q) = Q. In particular, a meridian of 
X corresponds to 1 E Q. 

(3) For a computation formula of the linking number from a surgery 
description of S, see [Jj- 

Suppose K is an n-knot admitting a generalized Seifert surface F. Now 
a bilinear pairing over Q 

S:Hq{F;Q)xHq{F-Q)^Q 

can be defined by the same formula as the integral Seifert pairing, using the 
rational- valued linking number. 

For n = 1, it turns out that homology classes from boundary components 
of F have no interesting information. 

Lemma 2.17. For a generalized Seifert surface F of a 1-knot, S{x,y) 
vanishes if either x or y is a cycle from dF. 

Proof. Suppose y is a component of dF. Then F can be viewed as 
a 2-chain bounded by cy, where c 7^ is the complexity of F. Since F is 
disjoint from x+ for any 1-cycle x on F, 

S{x,y) = (l/c)(x+-F) = 0. 

The same argument also works when x is from dF. □ 

From this it follows that S gives rise to a well-defined pairing on the 
cokernel of Hi{dF; Q) ^ Hi{F; Q). 
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Definition 2.18. S is called the (rational-valued) Seifert pairing of F. 
For n > 1, a matrix associated to S by choosing a basis of Hq{F; Q) is called 
a (rational) Seifert matrix of complexity c, where c is the complexity of F. 
For n = 1, a matrix associated to the induced pairing on the cokernel of 
Hi{dF;Q) — > Hi{F;Q) is called a (rational) Seifert matrix of complexity c. 

A rational Seifert matrix has the following property which is analogous 
to the characterization property of integral Seifert matrices: 

Lemma 2.19. If A is a Seifert matrix, then for some rational square 
matrix P, P{A — eA'^)P^ is integral and even unimodular over Z. 

Here "even" means that all diagonal entries are even. Lemma l2.19l is an 
immediate consequence of the fact that A — eA^ represents the rational in- 
tersection form on Hq{F; Q), which is obtained from the integral intersection 
form on Hq[F;'L) by tensoring Q. 

Remark 2.20. In Section f4.H we will show that the property described 
in Lemma 12.191 is a characterization of a (rational) Seifert matrix. In fact, 
in Theorem 14. H we give a constructive realization: for a matrix A having 
the property in Lemma 12.191 and an arbitrary positive integer c, there is a 
knot which has ^ as a Seifert matrix of complexity c. 

Now we use rational Seifert matrices to construct an abelian group Qn 
which can be viewed as a "rationalization" of G^. We will also construct 
group homomorphisms : C„ Qn for odd n > 1 and $i : sCi Qi for 
n = 1, which are analogous to the Levine homomorphism G^. Indeed 

Qn is a limit of Levine's ordinary algebraic cobordism groups of matrices. 
As before, we continue to use the convention n = 2q — 1 and e = (— 1)'^"'"^. 
Consider the set of all rational square matrices A having the property in 
Lemma [2.19l As in the case of integral Seifert matrices, an argument in j32j 
shows that matrix cobordism is an equivalence relation on this set, and 
the set of cobordism classes of matrices with the property in Lemma 12.191 
becomes an abelian group under the block sum. We denote this group by 
Gn- The cobordism class of A will be denoted by [A\. 

Sometimes we call a matrix A with the property in Lemma [2.19l a (ratio- 
nal) Seifert matrix, as an abuse of terminology at this time. As mentioned 
in Remark I2.2U1 it will be justified later. 

Remark 2.21. In 7 , rational Seifert matrices were viewed as represen- 
tatives of elements of another group G^; they considered all square matrices 
A such that A — eA^ is nonsingular, instead of the property in Lemma 12.191 
and formed the group of cobordism classes of such matrices. For odd q 
(i.e., e = +1), it turns out that coincides with Gn- For, if A — is non- 
singular, then it is congruent to a block sum of 2 by 2 matrices [ i*! o] since 
it is skew-symmetric. For even q, however, G„ is a proper subgroup of G^. 
A way to see this fact is to observe the following property: if [A\ G G„, then 
det(^ -|- A^) is a square in Q. This condition is not necessarily satisfied by 
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elements in G^. For example, for ^ = [q '^], [A] is an element of which 
is not in 

For a square matrix A, we denote by irA the matrix 



A 


A 


A ■ 


■ A 


eA^ 


A 


A ■ 


■ A 


eA^ 


eA^ 


A ■ 


■ A 


eA^ 




eA^ ■ 


■ A 



consisting of r x r blocks (submatrices below the diagonal blocks are 
and all the other submatrices are A). Then A — > iy-A gives rise to an 
endomorphism on G^, which we also denote by ir- Note that if ^ is a 
Seifert matrix of a generalized Seifert surface F, i^A is a Seifert matrix of 
the union of r parallel copies of F. 

Let Gn,c = Gn for each positive integer c, and let (pcd- Gn,c — > Gn,d 
be i^/c for every pair (c, d) of positive integers such that c | d. Then 
{{Gn,c},{4'c,d}) becomes a direct system. 

Definition 2.22. The limit Gn = lini ^ Gn,c is called the algebraic ratio- 
nal concordance group. 

We denote the natural homomorphism Gn,c Gn by (pc- 
For n > 1, we define Cn Gn as follows. For any n-knot K, there 
is a Seifert matrix A of complexity c for some c > 0. The image of the 
concordant class of K under is defined to be i;^c[^]) i-e., the image of 
[A\ G Gn = Gn,c under (^c'- Gn,c — *■ Gn- For n = 1, we define $i to be a 
homomorphism of sCi; since a 1-knot representing an element in sCi has a 
generalized Seifert surface, we can associate an element of Gn in the same 
way. 

Theorem 2.23. is a well-defined group homomorphism. 

Proof. First we prove the additivity. Suppose Ki and K2 are knots 
with Seifert matrices Ai and A2 of complexity ci and C2, respectively. Then 
ic2^i and Vi^2 have the same complexity C1C2. For n > 1, by a Mayer- 
Vietoris argument it is easily seen that A = ic2^i (BiciA is a Seifert matrix 
of complexity C1C2 for Ki^K2. For re = 1, although it might not be true, 
arguments in the proof of 7, Theorem 1.2 (4)] show that ic2^i © ic^A is 
cobordant to a Seifert matrix A of complexity C1C2 for Ki^K2. It implies 
the desired additivity: (/)ci[Ai] + (f>c2[A2] = 4>ciC2[A\ in Gn- 

Now it suffices to show that is well-defined for rational slice knots. 
Once it is proved, general well-definedness follows from the additivity. We 
give a unified proof for any odd re. Suppose that A is a rational (n + 3)-ball 
with boundary E, and D is a properly embedded (re + l)-disk in A whose 
boundary is a knot K in S. Suppose F is a generalized Seifert surface of 
complexity c for K and A is a Seifert matrix defined on F. Note that D 
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has a unique framing in A and its restriction on K agrees with the framing 
induced by F. Choose a common multiple r of c and the complexity of 
{A,D). Taking r/c parallel copies of F and applying a Thom-Pontryagin 
construction, we obtain an 5'^-structure /: Ek of complexity r such 

that f~'^{pt) is a generalized Seifert surface with Seifert matrix ir/c^- Since 
Hi{D) = 0, we can apply Lemma f2.1Ul to obtain an S^-structure 5 : Ed 
which extends /. By a transversality argument for g, we construct a (n + 2)- 
submanifold i? in A such that 

dR = [r parallel copies of D) U (r/c parallel copies of F). 

d 

Hq{dR; Q) is isomorphic to the direct sum of r/c copies of 

CokeT{Hg{dF;q) Hg{F;q)} 

which is equal to Hq{F] Q) for n > 1, and v/c^ represents a bilinear pairing 
on Hq{dR; Q), for any odd n including n = 1. As in j33j . 

Kej:{HgidR;q) ^ Hg{R;q)} 

is a half-dimensional subspace on which this pairing vanishes. Thus v/c^ is 
metabolic. It completes the proof. □ 

The above proof shows that, if A is a Seifert matrix of complexity c for 
a knot K which admits a slice disk of complexity c' in a rational ball, then 
for any common multiple r of c and c', i^/c^ is metabolic. For later use, we 
state an analogue for concordant knots: 

Corollary 2.24 (Corollary to the proof of Theorem 0.23|) . Suppose that 
Ki and K2 are concordant via a concordance of complexity c' . If Ai and 
A2 are Seifert matrices of complexity ci and C2 for Ki and K2, respectively, 
then ir/ci^i and ij./^^A2 are cobordant for any common multiple r of ci, C2, 
and c' . 

Proof. Let C be a concordance between Ki and K2 in a rational ho- 
mology cobordism W between their ambient spaces. Choosing an arc 7 on C 
joining Ki and K2 and removing a regular neighborhood of 7 from [W, C), 
we obtain a pair (A, D) of a rational ball A and a slice disk D of Ki^{—K2)- 
Since Ec = Ed, the complexity of D is c'. Now, i^/c^Ai ® 1^/02-^2 is (cobor- 
dant to) a Seifert matrix of complexity r for Ki^{—K2), and from the proof 
of Theorem 12. 231 it follows that i^/c^^Ai © {—ij./^^A2) is metabolic. □ 
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Algebraic structure of Qn 

3.1. Invariants of Seifert matrices 

In this section we discuss some known invariants of Gn- Levine |32| 
first revealed the structure of Gn using invariants of isometric structures 
associated to Seifert matrices. We will follow another approach using relative 
Witt groups of linking forms. 

We begin by recalling the definition of the relative Witt group We{R, S) 
(as a general reference, refer to Ranicki's book j4()j : see also Hillman's 
book 20 ). Let i? be a commutative ring with an involution r ^ f, S 
be a multiplicative subset in R, and e = ±1. S~^R/R has an induced in- 
volution which will also be denoted by the same notation. If a sesquilinear 
map B: V xV ^ S~^R/R on a finitely generated S'-torsion i?- module V is 
nonsingular and e-hermitian, then we call it an e-linking pairing over (R, S). 
Here e-hermitian means that B{x,y) = eB(y,x), and nonsingular means 
that the adjoint map V — > Hom(F, is bijective. (For our purpose, 

the usual homological dimension condition is not needed.) V together with 
B is called an e-linking form over (R, S). As an abuse of notation, we some- 
times denote it simply by B. The direct sum of two e-linking forms are 
defined in an obvious way. 

An e-linking form B : V x V ^ S^^R is said to be hyperbolic if there is 
a submodule P C V such that 

P-^ = {xeV \ B{x, y) = for all y e P} 

is equal to P. Two e-linking forms Bi and B2 are said to be Witt equivalent 
if B\ ® B' = B2 ® B" for some hyperbolic e-linking forms B' and B". It is 
an equivalence relation, and the equivalence classes form an abelian group 
under the direct sum operation. It is called the relative Witt group We{R, S). 

For the study of the algebraic concordance group Gn, first we relate 
Gn with a particular relative Witt group We{Q[t^^],S), where Q[t^^] is the 
Laurent polynomial ring equipped with the involution i = t~^ and S is the 
multiplicative subset of all nonzero elements in Then, the structure 

of We{Q[t^^],S) is well-understood via "devissage" , using the key advantage 
of this case that Q[t=^^] is a PID. 

Definition 3.1. A polynomial A(t) in Qit"^"*^] is called reciprocal if A(t) = 
uX{t^^) for some unit u in Q[t^^]. An algebraic number z is called reciprocal 
if its irreducible polynomial is reciprocal. 
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A prime ideal in Q[t^^] is preserved by the involution if and only if 
it is generated by a reciprocal irreducible polynomial A(t). In this case, 
Q[i^^]/ (A(t)) becomes a field with an induced involution. Then we can think 
of the ordinary Witt group We{Q[t^^ / {X{t))) of nonsingular e-hermitian 
forms b: V X V ^ Q[t^^] on finite dimensional vector spaces V over the 
field Q[t±i]/(A(t)). 

Proposition 3.2. There are injective homomorphisms 

Gn WMlf^^S) ^ 0W/,(Q[t±i]/(A(t))) 

where the sum is taken over all reciprocal irreducible polynomials A(t). 

For later use, we briefly describe the homomorphisms. For a represen- 
tative A of an element of Gn, the Q[t^-'^]-module V presented by the matrix 
tA — eA^ is a torsion module since its determinant is a polynomial whose 
evaluation at i = 1 is det(^ - eA^) / 0. The matrix (1 - t){tA - eA^)"^ 
gives rise to an e-linking pairing B on V . {V, B) is called the Blanchfield 
form associated to A. It is straightforward to verify that this gives rise to 
a well-defined group homomorphism G„ We{Q[t^^], S). This is the first 
homomorphism in Proposition 13.21 Kearton showed an analogous homo- 
morphism of is injective |24j . Although he considered integral Seifert 
matrices only, exactly the same argument works for rational Seifert matrices 
as well. We do not repeat the details. 

The second homomorphism in Proposition 13.21 is described as follows. 
Let B be an e-linking form on a torsion Q[t^"'^]-module V. Since Q[t^"'^] is a 
PID, V is canonically decomposed into the direct sum of primary subspaces: 
^ = Vx{t) where 

Vx(^t) ={veV\ X{t)^v = for some N} 

and X{t) runs over reciprocal irreducible polynomials. A standard argument 
shows that the restriction B\v^^^^ is Witt equivalent to a linking form Bx[t) 
on a Q[f=''^] -module annihilated by A(t) (e.g., see |32j or |20[ page 131]). 
Then B^^ can be viewed as an e-hermitian pairing over Q[t^^] / {X{t)) . This 
gives rise to the desired homomorphism. A devissage argument shows that 
it is injective. For a detailed proof, see j40j or |20j . 

Remark 3.3. It is well known that the Blanchfield form can be described 
geometrically; For an n-knot with n = 2q — 1, a generalized Seifert surface 
induces an 5'^-structure via the Thom-Pontryagin construction, which gives 
us a local coefficient system on the knot exterior Ej^. The homology 

module Hg{EK;Q[t^'^]) is presented by tA - eA^ , and (t - l){tA - eA^)'^ 
is known to be the torsion linking pairing on HgiEx; Q[t^^]) due to Blanch- 
field U. In jl2j . the algebraic rational concordance group was defined in 
terms of this geometric linking form. 

Sometimes it is convenient to parametrize the above number fields using 
reciprocal numbers instead of polynomials. For a zero z of A(t), we identify 
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Q[t^^]/ {X{t)) with Q{z) via t ^ z. Given a Seifert matrix, we obtain an 
associated Witt class of a hermitian form over Q[t^^]/(A(t)) = Q{z) via 
the composite map in 

Proposition O We cah it the A(t) -primary part or 

z -primary part. 

Now we define invariants of Gn via We{Q{z)). The scalar multiplication 
by {z — z^^) induces an injection 

W.{Q{z)) ^W+{Q{z)) 

for z 7^ ±1, and VF_(Q(ibl)) = W^{Q) is trivial since any skew-hermitian 
form over Q is hyperbolic and so Witt trivial. So we focus on W^{Q{z)). 
For a Witt class [b] in W+(Q(2:)) which is represented by a hermitian form 
b, let r be the Q(z)-dimension of the underlying vector space of b. Then we 
define rank[6] G Z/2 to be the residue class of r modulo 2 and dis[6] to be 
the discriminant 

dis[6] = (-l)^('-+i)/2det6 G + 

where 

={uu\ue <^{zY]. 

For \z\ = 1, we can also define the signature sign [6] by viewing 6 as a complex 
hermitian form via the embedding Q(2:) C C. Then it is known that they 
are well-defined, and furthermore, 

Proposition 3.4 (|36j). If z ^ ±.1 is reciprocal, then sign, rank, and 
dis form a complete set of invariants of Wj^{^{z)). In other words, \b] G 
W+(Q(z)) is trivial if and only i/sign[6], rank[6], and dis[6] are trivial. 

For z 7^ ±1, we can define analogous invariants sign, rank, and dis of 
elements in W_(Q(2;)) by composing the above invariants with the injection 
into Wj^{^{z)). Then these invariants for W-{^{z)) are also complete. 

Consider [A\ G Gn and a reciprocal number z. In addition if e = — 1, 
suppose that z / ±1. We denote signyl^, rankyl^, and dis742 of the z- 
primary part G We{Q{z)) by Szi^], ez[A], and respectively. For 

notational convenience, we define S2[^], ez[A], and dz[A] to be trivial when 
e = —1 and z = ±1. Recall that Az is always Witt trivial in this case. 

Remark 3.5. For z = ±1 and e = +1 (i.e., q is even), the above in- 
variants of W+(Q(2;)) = W+(Q) are not complete. Indeed the structure of 
W1|-(Q) is quite different since the involution is trivial. For integral knots, it 
is known that the (zbl)-primary part of an integral Seifert matrix is always 
trivial for any q and so we do not need to consider this in investigating the 
structure of G^- While elements of our Gn have trivial (+l)-primitive part, 
the ( — l)-primary part is not necessarily trivial. In fact, such an example can 
be produced by using our realization theorem that will be proved later (The- 
orem l3?22|) . This shows that our invariants of Gn are not complete. However 
it will turn out that a complete set of invariants of Gn can be extracted from 
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these invariants. Hence we do not discuss the structure of W+(Q) in this 
paper. Interested readers may refer to Milnor-Husemoller |36j . 

It is known that we can sometimes evaluate the invariants directly from 
A, without computing the z-primary part explicitly. 

Proposition 3.6. 

(1) If the irreducible polynomial of z does not appear (i.e., has exponent 
zero) in the factorization of the Alexander polynomial 

A^(t) = det{tA - eA^), 

then the z-primary part of A is trivial. In particular, Sz{A), ez{A), 
and dz{A) are trivial. 

(2) For \z\ = 1, Sz[A] is the jump of the signature function 5"^ — > Z 
given by 

. wA-eA . 
sign for e = 1 

. wA-eA 

signftf — w) for e = — 1 

w — 1 

at w = z. 

(3) ez[A] is congruent, modulo 2, to the exponent of the irreducible 
polynomial of z in the factorization of the Alexander polynomial 
AA{t). 

(4) Sz and Cz are additive, i.e., 

Sz{[A] + [B]) = Sz[A] + Sz[B], 

ez{[A] + [B]) = ez[A] + ez[B]. 
For dz, we have 

dz{[A] + [B]) = mod N^. 

In particular, dz{2[A]) = (-1)^-1^] mod . 

Proof. Let B be the Blanchfield form of A. Recall that the order of 
a Q[t^^]-module is defined to be the determinant of a square presentation 
matrix. The order of the underlying module F of i? is equal to A(t) since V 
is presented by tA — . On the other hand, writing the underlying module 
y of as a direct sum of cyclic modules Q[t^^]/(j'i(i)"'')) where Piit) is 
irreducible, the order of V is HkC^)"'- Thus Ayi(t) = Further- 
more, from the above decomposition of V , we can observe that the primary 
subspace y\{t) is trivial if \{t) ^ Pi{t) (up to units) for all i. From this (1) fol- 
lows. (2) was proved in |35j . For (3), let A(t) be the irreducible polynomial 
of z and e be the exponent of X{t) in the factorization of A^(t). Then A(f)^ 
is the order of the subspace V3v(() of V. From the fact that the order of the 
underlying module of a hyperbolic linking pairing is of the form f{i)f{t~^), 
it follows that the modulo 2 residue class of the exponent e is a Witt invari- 
ant of B. Thus we may assume that the V\{t) is annihilated by A(i), as in 
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the discussion below Proposition l,S.2l Writing Vx(^fj = {Q[t^^]/ {X{t))y' , we 
have 

A(tr = (order oiV^t)) = Ktr- 
(4) is proved by a straightforward computation based on our definitions. 
(Note that the value of lives in a multiplicative group.) □ 

3.2. Invariants of limits of Seifert matrices 

This section is devoted to an algebraic study of invariants of Gn- As 
before, n = 2q — 1 and e = (—1)'^"'"^ throughout this section. 

Recall that Gn is the limit of the direct system consisting of Gn,c = Gn 
and the homomorphisms (f)c,rc = V- The following result, which is called 
the reparametrization formula, is crucial in understanding the relationship 
between this direct system and the invariants of Gn which were discussed in 
the previous section. 

Lemma 3.7. If z is reciprocal, then z'^ is reciprocal for any positive in- 
teger r. 

Proof. First observe that an irreducible polynomial p{t) is reciprocal 
if and only if p{w) = = p{w~'^) for some w. Let X{t) and ^{t) be the 
irreducible polynomials of the given z and , respectively. Since z is a zero 
of //(f), I^if) is a multiple of A(t). Since \{t) is reciprocal, X^z^"^) = and 
so ^i[z~^) = 0. It follows that /x(t) is reciprocal. □ 

Lemma 3.8 (Reparametrization formula). Suppose [A\ G Gn, z is a 
reciprocal number, and r is a positive integer. Then 

(1) s,{ir[A]) = sAA] for\z\ = l. 

(2) eSr[A\) = eAA\- 

(3) dSr[A]) = d-,r[A\ modN^. 

The conclusion for the signature is already known; Cochran and Orr |12j 
proved the signature formula using the Blanchfield form. Ko and the author 
gave an algebraic proof of the signature formula using Seifert matrices |7j . As 
related work in dimension three, see also Kearton j25j and Litherland j34) . 
Here we give a single unified proof of all the conclusions above including the 
new parts (2) and (3). 

Proof. First we claim that 

Gn — - wmt^\s) 

ir 

Gn W,{Q[t^'],S) 

is commutative, where the horizontal homomorphisms are the inclusions 
discussed in the previous section and the left vertical homomorphism is 
induced hy t ^ f. One way to see the commutativity is to appeal to the 
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geometric interpretation of the horizontal homomorphism (Remark VA.'A^ , as 
follows: A — > irA is induced by taking r parallel copies of a generalized 
Seifert surface, and hence its effect on the Q[t^^]-coefficient system on the 
knot exterior discussed in E,emark 13.31 is exactly t ^ . 

For concreteness, we outline a purely algebraic argument based on our 
definitions. Suppose A is a d x d Seifert matrix. First we show that the 
presentation UrA—eirA'^ on rd generators is reduced into a new presentation 
t^A — eA^ on d generators by suitable row and column operations. Indeed, 
let 

r-l 

1=1 

Q= n 

i=r— 1 

where Ik is the /cdx kd identity matrix and I = Ii (the products are expanded 
from left to right). Then we can check that both P and Q are unimodular 
over Q[t^"^] (here we need that A — eA^ is nonsingular) and that P~^{tij.A — 
eirA^)Q~^ is of the form 

7 



* ••• * fA-eA^ 

Under the convention that columns of a presentation matrix represent rela- 
tions, P is our generator changing matrix. Since its bottom-right dxd block 
is /, the generators of the new presentation are exactly the last d generators 
of the old presentation. Thus the linking pairing for lyA is given by the 
bottom-right dxd block of 

P^ -{t- l){tirA - eirA^y^ . p = {t - l)P^Q-^R. 

By a straightforward calculation we can check that it is equal to 

{f -l){fA- A^)-^. 

This proves the claim. 

Now suppose [b] G We(Q[t^-'^], S). Denote its image under t ^ V hy [irb]. 
We will compute the z-primary part of iyh. Consider a special case that h 
itself is a single primary part. Then we can assume that b is defined on 
a module V annihilated by a reciprocal irreducible polynomial A(t), i.e., 

V = {m^']/{m)Y- Let 



eA^ I 
A I 

Ir—i—l 
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be the factorization of X{t^) into distinct irreducible factors. Note that there 
is no repeated factor since A(t) has no multiple root. Then the underlying 
module of v6 is 

m 
i=l 

where its /ij(t)-primary part is the (Q[t='=^]/(/ij(t)))'^-summand. Since 

is the multiplication by rijyj l^ji't)^ the ^i(i)-primary part of irb is given by 

where {e^} and {cfc} are the standard bases of {Q{t) / {fii{t))Y and V, re- 
spectively. 

This shows that the z-primary part of irb is nontrivial if and only if z 
is a zero of Hi{t) for some i, or equivalently is a zero of A(t). In this 
case the above computation shows ez{irA) = d = ezr{A). Moreover, if B is 
a matrix over Q(2;'') representing b (which is the ^''-primary part of itself), 
wwB represents the z-primary part of i^-b where w = Wj^n It follows 

that Sz{ir-A) = Sz^{A) for \z\ = 1 and dziir-A) = dzr{A) modulo A^^^. Note 
that when e = — 1 and z^' = ±1, 6 is automatically Witt trivial and hence 
the desired conclusions are immediate consequences of our convention. 

To reduce the general case to the above special case, we can think of 
each primary part of b instead of b. The only remaining thing we have to 
check is that two distinct primary parts of b never give rise to the same 
primary part of irb. Indeed, if Xi{t) and A2(t) are irreducible polynomials 
such that Xi{t^) and X2{t'^) have a common factor ^{t), then Xi{t) and X2{t) 
have a common root and hence Ai(t) = X2{t) up to units. It completes the 
proof. □ 

Remark 3.9. The argument of the proof of Lemma 13.81 also proves 
another version the reparametrization formula for the Alexander polynomial: 
\rA{t) = A^(r) up to multiplication by units in Q[t=^^] [3. 

Remark 3.10. In 12, page 532], a weaker conclusion on signatures was 
stated and shown: Sz{irA) = ±Szr{A). The sign ambiguity was introduced 
by a typo in their proof; the w factor in the matrix representation wwB of 
the z-primary part of irb was missing. 

Now we define our invariants of Qn. Roughly speaking, one can view the 
reparametrization formula as a contravariant naturality of the invariants 
of Gn,c'- the direct system consisting of ^ — > irA is transformed into an 
inverse system of the morphisms z'' <— z on the set of reciprocal numbers. 
To take limits of invariants of G„^c) we consider the limit of the latter inverse 
system, which is exactly our parameter set P introduced in Section 11.21 
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Recall that P is the set of all sequences a = (...,02,01) of reciprocal 
numbers Oc such that {arcY = etc for any r and c. Sometimes we denote 
a = (oc)- Let Pq be the subset of P consisting of all a = (oc) such that 
|ai| = 1. Note that this implies {ad = 1 for all c. 

For A £ Qni choose [A] E Gn,c which represents A, i.e., A is the image of 
[A] under the homomorphism (pc- Gn,c Qn- We define the signature and 
rank invariants of A by 

s{A) = {sc,dA])^^P, eZ-Po, 

To define our discriminant invariant, first we construct its codomain as 
follows. For c I d and a = (oc) £ P, Q(ac + '^^^)^ a subgroup of 
Q(a^ + Q;^^)^. Taking the product of induced homomorphisms over all 
a G P, we obtain 

We consider the limit 



lim 



c aeP 

of the direct system consisting of the above homomorphisms. For A £ Qn 
represented by [A\ G Gn,c as before, we denote by d{A) the element in the 
limit represented by 



aeP ^^"^ 

Theorem 3.11. s{A), e{A), and d{A) are well-defined invariants of 

Aeg. 

Proof. Suppose [A] £ Gn,c and [B] G G n d are sent to the same element 
G by (t)c and 4>d, respectively. Then = irc[B] for some r. For 

a G P, we have 

do,,[A] = d(a,,^Yd[A] = do.^.Jrd[A] 



da,Jrc[B] = d,^^rc[B] = da^[B] mod iV, 



X 



by the reparametrization formula (Lemma l3.8j) . This shows that {dac [A\ )ae P 
and {daJ^B])ai^p give rise to the same element in the limit. Similar argu- 
ments work for s{A) and e(^). □ 

As an immediate consequence of Proposition 13. 6( we have the following 
additivity of our invariants. To state the additivity of d, we use the following 
notation: for an element x = {xa)aGP G (Z/2)^, let denote the element 



3.2. INVARIANTS OF LIMITS OF SEIFERT MATRICES 



29 



{{-iy°')aep G HoGpi^'^^} by {-^T- Note that the multiplicative group 
riaepiil} acts on 



n 



6P 



by coordinatewise multiplication. It gives rise to an action of J|^gp{ibl} on 

Proposition 3.12. 

(1) siA + B) = s{A) + siB). 

(2) e{A + B) = e{A) + e{B). 

(3) diA + B) = {-iy^-^'><'^'>d{A)diB). 

The remaining part of this section is devoted to the proof of the com- 
pleteness of our invariants: 

Theorem 3.13. An element A G Qn is trivial if and only if the invariants 
s{A), e{A), and d{A) are trivial. 

The following observations are useful in proving Theorem 13.131 

Lemma 3.14. 

(1) If p{t) is non-reciprocal and irreducible, then p(t^) never has a re- 
ciprocal irreducible factor for all r. 

(2) If w is a zero of an irreducible polynomial p{t) and q(t) is an ir- 
reducible factor of p{t'^), then there is a zero z of q{t) such that 

= w. 

Proof. (1) If an irreducible factor q{t) oip{t'^) is reciprocal, then q{z) = 
= q{z~^) for some z, and hence p{z^) = = p{z~^). Thusp(i) is reciprocal. 

(2) Choose any zero z' of q{t). Then w' = {z'Y is a zero of p{t) and 
so there is a Galois automorphism h on the algebraic closure of the base 
field such that h{w') = w. Let z = h{z'). Then z is a zero of q{t) and 
z^ = h{z'Y = h{w') = w as desired. □ 

Lemma 3.15. Suppose X{t) is an irreducible polynomial and c is a pos- 
itive integer. Then \{t^) has a reciprocal irreducible factor for all positive 
integer r if and only if there exists a G P such that A(ac) = 0. 

Proof. If A(ac) = for some a, then a^c is a root of A(t'"). The 
irreducible polynomial of arc is reciprocal and divides A(t^). 

For the converse, we may assume c = 1 by coordinate shifting. Indeed, 
for any a = (a,) in P, a' = ((oj)^) is also in P and its c-th coordinate is 
{acT = «!• 

First we choose a sequence 1 = ni, n2, ns, . . . of positive integers such 
that rij+i is a multiple of Ui and every integer r divides some rij. For example, 
we may enumerate all primes as pi,p2, ■ ■ ■ and put rij+i = p\p2 • • - pl- 
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We will construct a sequence of reciprocal irreducible polynomials X(t) = 
A2(t), • • • such that 

(1) Aj(t'") has a reciprocal irreducible factor for all r, and 

(2) Xi+i{t) divides Ai(t"»+i/"0 for ah i > 1 

by an induction. Assume that Aj(t) has been chosen. Consider the irre- 
ducible factorization 

A,(t"^+i/"0=/xi(t)---/ife(t). 

We claim that for at least one factor, say Hi{t), fJ-iit^) has a reciprocal 
irreducible factor for all r. Then we can put Aj_|_i(t) = ^i{t). Suppose the 
claim is not true. Then we can choose rj such that all irreducible factors of 
are non-reciprocal. By Lemma 13.141 (1). for any common multiple r 
of the Tj, 

A,(f-«+iM)=;xi(t^).../Xfc(t'-) 

has no reciprocal irreducible factor. It contradicts the induction hypothe- 
sis (1). 

Now we will choose a certain zero a„. of Aj(t) inductively. Let 
be any zero of Ai(t). Suppose a„- has been chosen. Since Aj+i(t) divides 
Aj(t"'»+i/"''), we can choose a zero a„._^^ of \i+i{t) satisfying (ani+i)"''+^''"' = 
am by appealing to Lemma [3.141 (2). We note that the chosen numbers 
satisfy (anj'^'''"'^ = for any i > j. 

For any positive integer c, choose rij divided by c and let Oc = (anj"''''^- 
Oc is well-defined, independent of the choice of ni; for, if c divides both rij 
and rij where i > j, then 

Since a„. is reciprocal, so is Oc- Moreover, for any r and c, there is some nt 
divided by rc, and 

(a.cr = (K,r/^T = K.)"'/'= = «c. 

Therefore a = (oc) is an element of P such that A(ai) = 0. □ 

Proof of Theorem I3.13L Suppose that [A] e Gn,c represents A e Gn 
and s{A), e{A), and d{A) vanish. By replacing [A] with [^2^] S Gn,2c-, we 
may assume that the (ibl)-primary parts of [A\ are trivial, since 

Ai,A(±l) = A^((±l)2) = Aa(1) / 0. 

By definitions, Sa^^A) = for a G Pq and ea^A) = for a G P. For d, 
there exists r such that daS-^) ^ -^orc a G -P. By replacing [^] G Gn,c 

by [ir^] G Gn,rc, we may assume that ^^^(A) G N^^ for any a G P by the 
reparametrization formula (Lemma 13. 8j) . 

Without any loss of generality, we may assume that A has only one 
nontrivial primary part, say the z-primary part for some reciprocal z ^ ±1. 
Let A(t) be the irreducible polynomial of z. If A(t'') has no symmetric factor 
for some r, then [irA] = in G„ by Proposition 13.61 (I), and thus ^ = 
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in Qn- Unless, by Lemma k-i.l5| there is a E P such that ac is a zero of X{t). 
Thus by the above paragraph, Sz[A] (when \z\ = 1), e2[^], and dz[A] vanish. 
Since 2 7^ ±1, it follows that [A] = 0. It completes the proof. □ 

Theorem 3.16. Every element 

Proof. Let A be an element in Qn- By Proposition 13.121 (2) and (3), 
e{AA) and d{AA) are always trivial. If s{A) is nontrivial, then A has infinite 
order by the additivity of s. Suppose that s{A) is trivial. Then, s{4:A) is 
trivial by Proposition 13. 12l (1). From this it follows that 4:A = in Qn-, by 
Theorem EISI □ 

In future sections, we will frequently use the following "coordinates" of 
our invariants. For A ^ Qn and a G Pq) we denote Sa{A) £ Z he the a-th 
coordinate of s{A) G Z^o. For a S P, ea{A) S Z/2 is defined similarly. We 
denote by da{A) the image of d{A) under the canonical map 



limTT ''^ ^ x ^ ; 

> IL ATX — > 



If A is the image of [A] G Gn,c, then the coordinates can be described in 
terms of invariants of [A] : Sa (A) = Sa^ [A] and Cq, {A) = ea^ [A] . da (A) is the 
image of da^ [A] under 



Sa, Ga, and da also have additivity properties similar to Pr op osition 13 . 1 2l 
For da, the additivity can be expressed as 

daiA + B) = i-ir-^^^'"^'^UaiA)daiB). 



3.3. Computation of e(^) 

In the remaining part of this chapter we give a full calculation of the 
algebraic structure of Qn using our invariants discussed in the previous sec- 
tion. We remark that the torsion-free part of Qn is already well understood: 
in |12l [7] it was shown that there are infinitely many independent elements 
of infinite order in Qn- 

In this section we focus on the computation of order two elements in Qn- 
Although there are 2 and 4-torsion elements in Gn,c (e.g., the argument of 
Levine's work j32| on the structure of can be applied), it has been still 
unknown whether there are nontrivial torsion elements in Qn since Gn,c Qn 
may kill torsion elements. 

Example 3.17 (Kawauchi [25]). Consider a Seifert matrix 
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of the figure eight knot. It is weh known [A] £ G„ = Gn,c has order 2 (when 
n = 1 mod 4). However, since the irreducible factors of the Alexander 
polynomial 

A,,A{t) = AA(t2) = {t^-t- l){t^ +t-l) 
are all non-reciprocal, [12^] = 0. Therefore the image of [A] in Qn is trivial. 

In the above example, the key property is that AA(t^) is factored into 
non-reciprocal factors for some r. For any such A, the image of [A] in Qn 
is trivial. Appealing to Lemma I3.15[ this property may be rephrased as 
follows: for any a = (oj) G P and c > 0, Oc is not a zero of Ayi(t). Thus, 
in order to obtain a nontrivial element in Qn, we need to construct A such 
that A^(ac) = for some a = (oj) G P. Of course when A^(i) has a zero 
of unit complex length, we can easily find such an a £ Pq. However, in this 
case, a may have nontrivial contribution to the signature invariant so that 
the order is not finite. 

The first step of our construction of nontrivial torsion elements in Qn is 
to find elements in P — Pq which automatically have no contribution to the 
signature. 

Proposition 3.18. Suppose X{t) = at^ - {2a + p)t + a, where a is a 
prime and p is an integer such that p ^ mod a and p ^ —2a it 1 mod a^. 
Then X{t'^) is irreducible for any positive integer r. 

Proof. Our proof consists of elementary arguments. Suppose 

X{f ) = at^' - (2a + p)f + a 

= {bkt^ + • • • + 6it + 6o)(Qi' + • • • cit + Co) 

where hi and Cj are integers, k + I = 2r, and k,l < 2r. 

Since boco = a is a prime, we may assume that bo = 1 and cq = a. By 
looking at the coefficients of t^, i^, . . . , we have 

= boCi + bid-i H h biCo 

for 1 < i < r — 1, and hence inductively 

= Co = • • • = Cr-i mod a. 

Similarly Cr = —p ^ mod a. 

Computing the coefficients of t^*", . . . from the higher degree terms 

of the two factors, we have 

= 6fcQ-j + 6fc_iQ_i+i H h bk-iCi 

for 1 < i < r — 1 and 

-(2a + p) = bkCi_r + H h bk-rCi- 

Since a = bkCi is a prime, we have two cases. 
Case 1: 6^ = ±1 and ci = ita. Then 

Q-i = • • • = ci^r+i = 0, 
ci^r = ^ mod a. 
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Thus r < I — r. It contradicts I <2r. 

Case 2: hk = ±a and q = ±1. Then similarly 

6fc = • • • = &fc-r+l = 0, 

hk-r ^ mod a. 

Thus /c — r > 0. Since ci ^ 0, I > r. Hence k = I = r. Now looking at the 
f term, we have 

— (2a + p) = Kcq + br-ici + • • • + boCr = boCr = ±1 mod a^. 

It contradicts the hypothesis. □ 

We have the following consequence of Proposition 13. 18) and Lemma 13.151 

Corollary 3.19. Suppose X{t) is as in Proposition \!^.18l z is a zero 
of \{t), and c is a positive integer. Then there is a = (oj) G P such that 
ac = z. 

Remark 3.20. 

(1) The polynomial in Proposition 13.181 has two different real zeros 
which are not ±1 if p{4a + p) > 0. In particular, the element a in 
Corollarv 13. 191 is not in Pq. 

(2) There are infinitely many pairs {a,p) satisfying the assumption of 
Proposition 13.181 For example, if a > 3 is a prime and < p < a, 
then {a,p) satisfies the assumption. 

Remark 3.21. If \{t) = at^ — (2a + p)t + a is as in Proposition 13.181 
then the conclusion of Proposition 13. 18l also holds for \{—t). For, it is easily 
seen that (a,p) satisfies the assumptions of Proposition 13.181 if and only if 
so does (a, —4a — p), and thus we can apply Proposition 13. 181 for 

A(-t) = at^ + (2a + p)t + a = at^ - (2a + (-4a - p))t + a. 

In order to construct Seifert matrices whose Alexander polynomials are 
as in Proposition 13.181 we appeal to the following general characterization 
and realization theorem for Alexander polynomials. Recall from Section [2.21 
that a rational Seifert matrix is defined to be a square matrix A such that 
P{A — eA^)P^ is integral, even, and unimodular over Z for some rational 
square matrix P. Note that a rational Seifert matrix is always of even 
dimension. 

Theorem 3.22. A polynomial A(t) is the Alexander polynomial of some 
2g X 2g rational Seifert matrix if and only if 

(1) A(t) = A(t-i)t29, 

(2) A(e) is a square in Q, and 

(3) e^A(l) is a nonzero square in Q. 

Remark 3.23. There is a well-known characterization of the Alexander 
polynomial of an integral Seifert matrix A (i.e., A — eA"^ is unimodular) by 
Levine |33j . Our characterization gives a larger class of polynomials than 
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integral Alexander polynomials. For example, there are integral polynomials 
A{t) which can be realized as Alexander polynomials of rational Seifert 
matrices but A(l) 7^ ±1. No integral Seifert matrix has such an Alexander 
polynomial. 

Proof. Our argument is similar to j33j . Suppose that A{t) = det{tA — 
eA^) for some 2g x 2g rational Seifert matrix A. (1) is immediate. Since 
eA — e.A^ is skew-symmetric, (2) follows. For (3), A(l) 7^ since 
is nonsingular. If e = 1, (2) implies (3). If e = —1, the signature of C/ = 
+ J^^P'^ is known to be divisible by 8 and so 

A(l) = det(A + A^) = det{U) = (-l)f 

modulo squares. 

For the converse, we will use an induction on g to show that A(t) = 
det{tA - eA^) for some rational Seifert matrix A satisfying the following 
auxiliary condition: the (1, l)-cofactor of tA — eA is 

{-ey-\t-lf9-2(^t-e). 

For g = l, A{t) is of the form at"^ + bt + a. If e = 1, A(l) 



u implies that 



2a, where u £ 



. Then it can be verified that 
A = 



satisfies all the desired properties. If e 



for some u G 
we can take 



V G and hence a = {u 



-1, A(-l) 
-i>2)/4, b 



-(n2 + u2)/2. Then 



In this case, for 



A 



P 



- u 
1 

—u+v 

2v 
u+v 
~2v' 



P{A + A^)P'^ is an even unimodular integral matrix. 

Now suppose g > I. Given Ait) satisfying the above (l)-(3), let a = 
-(-e)^'"^A(0), and choose Ao(t) such that 

A(t) = -a{-ey~\t - - ef + etAo(t). 

Then it can be checked that Ao(t) satisfies (l)-(3) where g — 1 plays the 
role of g. By our induction hypothesis, Ao(t) = det{tAo — cAq) for some 
(2g'— 2) X (2^'— 2) rational Seifert matrix Aq satisfying the auxiliary condition. 
Let 








1 


a 










1 


A = 


ea 


e 










^0 
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Then we can check that det{tA — eA) = A{t) and A satisfies ah the desired 
properties including our auxihary condition. It completes the proof. □ 

Using the above results, we can construct examples with nontrivial e(^). 

Let 

At = — t^ + { — + l)t-- 
p \ p J p 

where a and p are nonzero integers. Then from Theorem EHU it follows that 

A(t) = ^(*) ^°^^ = ^ 

^' \{t + lf\{t) fore = -l 

is always the Alexander polynomial of a rational Seifert matrix. 

Theorem 3.24. Suppose a and p are positive integers satisfying the 
hypothesis of Proposition \S.l^ and A is a rational Seifert matrix whose 
Alexander polynomial is A(t) given above. Then the image A of [A\ un- 
der (pc '■ Gn = Gn,c Qn has order 2 or 4 for any c. 

Proof. First we claim that s{A) = 0. For e = 1, it follows from the 
fact that A(t) has no zero of unit length. For e = —1, although z = —1 is 
a zero of A{t), it has no contribution to the signature s{A). (In fact, the 
(— l)-primary part is a skew-symmetric form over Q(— 1) = Q and hence 
automatically Witt trivial.) 

From the claim, A has finite order in Qn- Thus it suffices to show that 
A is nontrivial. Let z be a zero of A(t). Then by Corollarv I3.19| there is 
an element a = (oc) G P such that ac = z. By Proposition 13. 6[ the a-th 
coordinate ea{A) = ea^[A] G Z/2 of e(^) is the exponent of the irreducible 
polynomial X{t) of z in A(t), which is equal to 1. Thus e{A) is nontrivial. □ 

Remark 3.25. In some cases we can explicitly determine the order of 
A constructed above without computing d{A). Suppose e = 1, a is an odd 
prime, and p = 1. Then in the above proof we can choose A as an integral 
Seifert matrix of an n-knot in S'"'"'"^ with Alexander polynomial A(t); for, 
it is easily checked that our polynomial A(t) has integral coefficients and 
satisfies the conditions of Levine's realization theorem 33. Proposition 1]. 
It is known that if every prime = — 1 mod 4 has an even exponent in the 
factorization of 4a + 1, then [A] has order 2 in G„ (e.g. see |32( Corollary 
23 (c)]). Thus, for such a, A has order 2 in Gn- 

In particular, if both a and 4a + 1 are primes, then A has order 2 in 
This relates the structure of Gn with a well-known open problem in number 
theory: are there infinitely many pairs of primes of the form (a, 4a+l)? If the 
answer is affirmative, then Theorem 13.241 can be used, without computing 
d{A), to produce infinitely many order 2 elements that generate a (Z/2)°° 
summand of Gn- 

At present, the author does not know any method to construct (Z/2)°° 
and (Z/4)°° summands of Gn without computing d{A)- In the next two 
sections we compute d{A) explicitly. 
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3.4. Artin reciprocity and norm residue symbols 

The most crucial difficulty in the computation of d{A) is to detect non- 
trivial elements in the limit 



lim 



where the value of d{A) lives. To study the limit, first we consider an easier 
problem whether an element in Q{z + z~^)^ is contained in 

= {win I w G Q(z)^}. 

The main tool we will use is the Artin reciprocity, which is one of the 
central machinery in algebraic number theory. In this section, for readers not 
familiar with this, we give a quick review of necessary results from algebraic 
number theory, which can be used as a reference for later sections. We claim 
no originality on the materials discussed in this section. There are several 
good general references on algebraic number theory, e.g., [H 1421 [2^ . 

In the next section, we will investigate the limiting behaviour of the 
Artin reciprocity, as an interesting application of these number theoretic 
tools which is related with the structure of limits of Seifert matrices. 

Let L be an abelian extension of a number field K and let Nj^ : 
be the norm. Of course the main example we keep in mind is L = Q{z) 
and K = Q(z + z~^) where z is a reciprocal number. In this case the 
(multiplicative) subgroup in Q{z+z~^)^ can be identified with the group 
of nonzero norms for L over K, i.e., the image of N^. Motivated from this, 
we consider the problem of detecting nontrivial elements of /N^{L^). By 
the Hasse principle, the global problem can be reduced into a local problem. 
For a valuation v of K, we denote the completion of K with respect to v by 
Ky and the completion of L with respect to an extension of v hy . 

Theorem 3.26 (Hasse principle). An element x in is a norm for L 
over K if and only if x is a norm for over L"" for every valuation v on 
K. 

In the local case, the local Artin reciprocity relates norms with an asso- 
ciated Galois group. 

Theorem 3.27 (Local Artin reciprocity). There is a surjection 

ify: -^GaliiyKy) 

whose kernel is the set of nonzero norms of over K^. 

The above homomorphism (p^ is called the local Artin map. Prom this the 
group Ky /Nj^^{L'"'^) can be identified with the Galois group Gal{L'" / Ky), 
and hence our problem can be solved by computing ipy and the structure 
of Gal(L7K^). 
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Furthermore, for the case of a Kummer extension, this association can 
be described in terms of the norm residue symbols (or Hilbert symbols). Al- 
though it can be done for any Kummer extension, we will focus on quadratic 
extensions L = K{^/a) (a £ K), which will be sufficient for our purpose. 
In this case L"" = K{y/a)'" is isomorphic to K^{y/a) and =by^ are all the 
conjugates of ^/a. Thus a Galois automorphism of over is either the 
identity or ^/a —^/a. 

Definition 3.28. For a,b £ , the (quadratic) norm residue symbol 
(a, b)y is defined by the equation 

(pv{b){^/a) = {a,b)y^/a 

where : — > Geil{Ky{^/a) / K^) is the local Artin map discussed above. 

Obviously (a, 6)^ = ±1. We summarize basic properties of the norm 
residue symbol: 

Proposition 3.29 (HI HI]). 

(1) { , )y: X — > {±1} is symmetric and bilinear. 

(2) (a, b)v = ^ if and only if b is a norm for Ky{y/a) over K^. 

(3) For any a,b £ , (a, b)^ = 1 for all but finitely many v. Further- 
more Yl{a,b)j] = 1 where v runs over all valuations on K. 

A consequence of Proposition 13.291 and the Hasse principle is that 6 is a 
norm for K{^/a) over K if and only if {a,b)v = 1 for every v. 
For computation, the following results are useful: 

Proposition 3.30 (HIH]). 

(1) If = C, then (a, b)y = 1 for any a, b. 

(2) If Ky = R, then (a, b)^ = 1 if and only if a > or b > 0. 

(3) If V is a non-archimedian valuation associated to a prime p of K 
over an odd prime p £ 7j, then 



where f{p,p) = [Ok/P '■ ^/p] is the degree of the residue field 
extension Ok/P over "L/p, and Ok is the ring of integers of K . 
(The right-hand side is viewed as a formula in Ok/P-) 
(4) If K = Q and v is the 2-adic norm, then 




,/(p,p)_i 



e{a')e{b')+v{a)w{b')+v{b)w{a') 



where a = 2'"^"'^a' , b = 2'"^^^b' , and e{x) and w{x) denote the modulo 
2 residue class of {x — l)/2 and (x^ — l)/8, respectively. 



Remark 3.31. In the case of a general number field K other than Q, 
the computation of (a, b)^ for a valuation v associated to a prime p over 2 
is more complicated. We will not use this. 
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In our computation of the norm residue symbols using Proposition 123111 
we will use the following results on splittings of primes. Suppose ^ is a 
Dedekind domain with quotient field L is a finite extension over K of 
degree n, and B is the integral closure of j4 in L. For a prime p in j4, let 



be the splitting in B where q runs over the primes of B over p. Let /(q,p) 
be the degree of i?/q over A/)p. Then we have 



Lemma 3.32 f|4l l42l[29] V 

(1) ™ = Eq|pe(q,p)/(q,p). 

(2) e(r,p) = e(r, q)e(q,p) and f{x,p) = /(r, q)/(q, p) if x is over q and 



q is over p. 

For quadratic extensions, the splitting of a prime is well understood: 

Lemma 3.33 ( 42 ). Suppose L = K{^/a) for some a £ A which is not 
square. If B = A[y/a] is the integral closure of A in L and p is a prime in 
A which does not contain 2, then pB splits into primes in B as follows: 



In the last case, (p,x — ^/a^) and {p,x + ^/a^) are different primes in B. 

For the computation in later sections, we also need the following gener- 
alization of the last case of Lemma 13.331 

Lemma 3.34. Suppose A, K, a, L, and p are as in Lemma Vj.'J'A and 
suppose B is the integral closure of A in L (without assuming B = A[y/a\). 
If ^ a = mod p for some x £ A, then pB splits into the product of 
two different primes (p, x — ^/a) and (p, x + 

Since the author could not find a proof of Lemma 13.341 in the literature, 
he gives a proof for concreteness. 

Proof. By \4'2i Proposition III.12], the integral closure C of Ap (local- 
ization of A away from p) in L is given by C = ^p[/3] for some f3 G C. Since L 
is quadratic, 0^ + aj3 = h for some o, 6 G Ap. Since 1/2 e Ap, we may assume 
o = by completing the square, i.e., /3 = A Since ^ £ B d C = Ap[/b], 
we can write ^/a = u + vVb for some u,v G Ap. Prom a = u"^ + v'^b + 2uvVb, 
it follows that u = since v = implies that a is square. Writing v = s/r 
where s £ A, r £ A — p, we have r^o" = s'^b. Since r and a are not in p, so 
are s and b, i.e., Vp{v) = 0. Therefore 



pS = J|q^(i'P) 



pB = { 



pB 



1^ if a = mod p 

if a ^ x^ mod p for any x £ A 
-y/a)(p, X + ^/a) if ^ a = x'^ mod p for some x £ A 



b = V "^a = {v ^x)^ ^ mod pp. 



Now by Lemma 13.331 pp splits into two different primes in C, and thus so 
does p in B. 
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On the other hand, from 2a ^ p, it fohows that p + (2cr) = (1) and 
+ 2ap = p in ^. Therefore 

(p, X - y/^) ■ {p,x + ^) = (p2, {x - V^)p, (x + ^)p, x2 - a) 

D (p^2V^p) D (p2,2ap) Dps 

in that is, (p,x — y^) • (p,x + a/ct) divides p-B. This completes the 
proof. □ 

We finish this section with the following elementary lemma, which will 
be used in the next section for the computation of our discriminant invariant. 

Lemma 3.35. Suppose K is a finite extension of a number field F. 

(1) If p is a prime of K which is over a prime q of F , then 

/(p,qH(-)=t;,(<;;(-)) 

where Vp and f q are the valuations associated to the primes p and 
q, respectively. 

(2) For any prime q of F , 

pk 

where p runs over all primes of K which are over q. 
For a proof, see |1] or j42j . 

3.5. Computation of d{A) 

3.5.1. 2-torsion. Returning to the study of the torsion elements of 
we will show that there are infinitely many order 2 elements. Consider a 
specialization of the polynomial A(i) used in Theorem 13.241 obtained by 
letting p = 1: 

[(t + lfXit) fore = -l 

where 

X(t) = -at^ + (2a + l)t - a. 

As in Section 13. 3( it is the Alexander polynomial of a rational Seifert ma- 
trix A. 

Theorem 3.36. If a is a prime such that a = 1 mod 4 and A is a 
rational Seifert matrix whose Alexander polynomial is A(t) given above, then 
the image A of [A] under Gn = Gn,c — > Gn has order 2 for any c. 

Proof. By Theorem l3^ A^O. Thus it suffices to show that A+A = 
in Gn. The invariants s and e vanish for ^ + ^ by additivity (Proposi- 
tion l3.12l) . We will show that i2[^©^] has vanishing discriminant invariants, 
i.e., 

dz{i2[A ® A]) = 1 mod 
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for all z. Then it follows that d{A + A) is trivial, and the proof is completed. 
(Indeed i2[^ © ^] =0 is proved.) 

Note that i2{A © A) has Alexander polynomial A(t^)^. Since A(t^) is 
irreducible, the A(t^)-primary part is the only nontrivial primary part of 
i2{A © A). (Note that for e = -1 the (t + l)-primary part of i2iA © A) is 
automatically trivial.) Hence, in order to show the above claim, it suffices 
to consider a zero 

\/4^Tl + l 

^ = 7= 

Via 

of A(t2). By Proposition run 

dz{i2[A © A]) = -1 mod . 

So the question is whether —1 is a norm for the extension L = Q{z) over K = 
Q(z + z^^). Straightforward calculation shows that K = Q(-y/a(4a + 1)) 
and L = K{z - z'^) = K{V^). Thus, by Section ITU we need to show 
(— l,a)t, = 1 for every valuation v on K. We consider the following three 
cases: 

Case 1: Suppose v is archimedian, i.e., = M or C. Then (— l,a)„ = 1 
by Proposition I3.3UI 

Case 2: Suppose v is induced by a prime p of which divides 2. If ^/a is 
contained in K^, then —1 is automatically a norm for Ky{^/a) over K^, and 
we are done. Assume not. We consider the following diagram of quadratic 
field extensions: 




where Q2 is the 2-adic completion of Q. Since the norm 

<:^^^Q2(V^)" ^Qa" 

is the restriction of 

it suffices to show that —1 is a norm for '^2{\/o) over Q2- By Proposi- 
tion ESOl 

(-l,a)2 = (-l)'^(-i)eW = (_i)eW = 1 

since a = 1 mod 4. 

Case 3: Suppose v is induced by a prime ^ oi K which divides an odd 
prime p G Z. Then by Proposition I3.3()| 

, p/(p.p)_i 
(_1,«)^ = (_1)-W^^. 
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We will show v{a) is even, p divides a if and only if p divides a. So if p 7^ a, 
then v{a) = 0. Hence we may assume that p = a. Now by Lemma f3.33l p = a 
splits into in K = Q{y^a{4a + 1)) where p = (a, y^a(4a + 1)). (Note 
that Q and our ii' play the roles of K and L in Lemma 13.331 respectively.) 
Therefore v{a) = 2 and {—l,a)y = 1 as desired. □ 

3.5.2. 4-torsion. Now we construct 4-torsion elements in We again 
use the polynomials considered in Theorem 13.241 let 



A{t) 

where 



X{t) for e = 1, 

{t + lfX{t) fore = -l, 



, , , On /2a \ a 
p \ p / p 

Theorem 3.37. Suppose that a and p are different primes such that 
p = —1 mod 4 and p ^ — (2a+ 1) mod a^. If A is a rational Seifert matrix 
whose Alexander polynomial is A(t) given above, then the image A of [A] 
under Gn = Gn^c ~^ Qn has order 4 for any c. 

Proof. Because A is not of infinite order, it is of order 1, 2 or 4. Thus 
it suffices to show that ^ + ^ is nontrivial. Let z be a zero of X{t). Choose 
a P such that Oc = z by appealing to Corollary 13.191 This gives us 
a choice of an r-th root of z for each r: we denote z^/*" = acr- We will 
show that the "a-th coordinate" da{A + A) of d{A + A) is nontrivial. By 
Prop osition 13 ■ 1 2l we have 

d.iA + A) = (-D-I^] = -1 e lim ^("- + "")\ 

Thus, appealing to Section ITU it suffices to show that —1 is not a norm for 
over Qiz^/"^ + z'^/"^) for all r. 
As a special case, suppose that r = 2^ for some k. In this case we 
decompose the extension Q(z^/'' + z~^^^) over Q into a tower of quadratic 
extensions which are easier to understand. For notational convenience, let 
denote 

K, = Q{z'/''+z-'/^'), 



Let 



\{2a+pf fori = 0, 

1 a(2a + ^/rniZl) for i > 0. 

Then it can be checked inductively that z^^'^' + z'^l"^^ = ^Jrnija and so 
L^i = Furthermore, since 

(^1/2' _ ^-l/2')2 ^ (^l/2» ^ ^-l/2')2 _ 4 ^ ^^1^2 _ 4^ 

we have Li = Kii^JWi) where ai = rui — 4a^. 
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We will construct a prime pi in the ring of integers such that rrii = 
Aa? mod pi, using an induction. Let po = (p). Then 

mo = (2a + pf' = 4a^ mod po 

as desired. Suppose pi has been defined. Consider the splitting of pi in 
Kj+i: since p f 4a^, mj = 4a^ ^ mod pj. Since Ki+i = Ki{y/mi), 

PiOK,+r = {pi,^/m'i - 2a){pi,^/rni + 2a) 

by Lemma 13.341 Let pj+i = (pj, y^m^ — 2a). Then 

mj_|_i = a(2a + ^yrni) = 4a^ mod pj+i 

as desired. 

Let Vi be the valuation on Ki associated to the prime pi. We will show 
that {—l,ai)y- = —1 for every i. By Proposition I3.3UI 

Thus we have to show that f{pi,p) and Vj(o'j) are odd. (Recall that p = —1 
mod 4 by our hypothesis.) 
Let 

f{Pi,Pj) = [OKjPi:OK,/Pj] 

be the degree of the extension Oxi/pi over Oxj/pj for i > j. Then since -fCj is 
a quadratic extension of Xj-i and pj_i splits into two distinct primes in Ki, 
f{pi,pi-i) = 1 by LemmaESll(l)- Thus, /(Pi,p) = 1 by LemmaEnil(2). 
Since ctq = p(4a + p) and p ^ a, fo(o'o) = 1- For i > 1, first note that 

[{Ki)y^ : {Ki.i)y^_,] = e(pi,Pi_i) = 1. 

Therefore 

{Ki)y^ = iKi-i)v,_, =■■■ = (i^o)^o = Qp 
and Vi on {Ki)^- is the p-adic valuation on Qp. Viewing y^mj as an element 
of Qp, we can write ^^/ml = kp + 2a mod p^ since y^rn^ — 2a = mod pi+i. 
By an induction, we can show that k = 4~* mod p. Indeed, by squaring 
the above equation, we obtain 

a(2a + ^rrii-i) = rrii = Aakp + 4a^ mod p^ , 

and by the induction hypothesis for i — the conclusion for i follows. Thus 

ai = rrii — 4a^ = A~^'^^ap ^ mod p"^. 

This shows Vi{ai) = 1. It completes the proof for the special case r = 2^^ . 

Now we consider the general case. Given r > 1, write r = 2*s where s 
is an odd integer. In addition to the notations used in the previous special 
case, let 

K = Qiz^l"- + z-^l'), 
L = Q{z^''') = K{^) 
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where 

a = {z^l' - z-^/'f = {z^l' + z-^l'f - 4 G K. 
Then we have the fohowing field extensions: 

L 

P K 

I / 

V Ko = Q 

We need to find a prime p of X such that (— 1, cr)^^ = —1 for the valuation 
Up associated to p; in other words, both fp(cT) and f{p,p) must be odd by 
Proposition I3.3UI Indeed we will find p which is over the prime pi of Ki 
constructed in the above special case. Basically the existence of such a 
prime p is guaranteed by a parity argument based on the fact that K is an 
odd degree extension over K^. For this purpose we use Lemma [3.351 In our 
case it follows that 

piPi 

Now N^,{a) can be computed as follows. It is easily seen that [L : K] < 2 
and [K : Ki] < s. Since Vi{ai) = 1, is not contained in Ki and [Li : 
Ki] = 2. From the irreducibility of X{t'^^^) and A(i^'), [L : Li] = s and so 

2s = [L : Ki] = [L : K][K : Ki]. 

This shows [K : Ki] = s and [L : K] = 2. From this we obtain 

Nlia) = Nliiz'r - z-'-f) 

= Nli-Nk{z"r - Z-'r)) 

= -NkSz-^ - Z--r) = -Nj^Nt^{z-r - Z--r). 

The conjugates of z^^"^ over Lj are z'^l''' for = 0, 1, . . . , s — 1 where C is a 
primitive s-th root of unity. Thus 

fc=0 

fc=0 
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since s is odd. Therefore 

Nlia) = -Nj^K^) = a.. 

Now (*) becomes 

p\Pi 

By a parity argument, it follows that there exists at least one prime p over 
pi such that both /(p,pj) and Vp{a) are odd. It completes the proof. □ 

3.5.3. Structure of Fix c > 0. Since there are infinitely many 
primes o = 1 mod 4, we can construct infinitely many Seifert matrices Ai 
such that Ai = (pdAi) has order 2 in Gn using Theorem l3.36l Similarly, since 
there are infinitely many pairs {a,p) satisfying the condition of Theorem l3.37l 
(e.g., first choose a prime p = —1 mod 4 and choose sufficiently large prime 
a), we can construct infinitely many Seifert matrices Bi such that Bi = 
4>c{Bi) has order 4 in Qn- Furthermore, we can show the following result: 

Theorem 3.38. The subgroup H generated by the Ai and Bi is isomor- 
phic to (Z/2)°° © (Z/4)°° and is a summand of (the torsion subgroup of) Qn- 

Proof. Since (the irreducible decompositions of) the Alexander poly- 
nomials of the Ai and Bi are distinct, the nontrivial primary parts of the 
Ai and Bi are "orthogonal" in the following sense: let 7^ — 1, tHj 7^ — 1 be 
zeros of A^. (t) and A^. (t), respectively. Then the Zi and Wi are mutually 
distinct complex numbers such that the z-primary part of Aj (resp. Bj) is 
trivial for all z E {zi,Wi} but z = Zj (resp. Wj) 

By Corollarv l3.191 there exist Oj, Pi £ P such that {ai)c = Zi, {(3i)c = Wi- 
Combining the above orthogonality with the computation in the proofs of 
Theorems 13.361 and 13.371 we have the following properties: 

(1) For a G {Qi,/3i}, ea{Ai) is nontrivial if and only if q = Oj, and 
ea{Bi) is nontrivial if and only if a = 

(2) dj3.{2Bj) is nontrivial if and only if i = j. 

Suppose that ^ aiAi + ^ biBi = 0, where all but finitely many Oj and 
bi are zero. Taking e^. of both sides and using the property (1) above, we 
obtain 

= aj • ea^ (Ai) = ai mod 2 

for each i. Similarly, taking ep., it is shown that bi is even for each i. Since 
Ai has order two, aiAi = so that the relation becomes '^b'^{2Bi) = 
where bi = 2b[. Taking of both sides and using the property (2) above, 
it follows that b[ is even, i.e., bi is a multiple of 4 for each i. Since Bi has 
order four, hBi = 0. This proves that H ^ (Z/2)°° © (Z/4)°°. 

To show that H summand of the torsion subgroup T ofQn, we appeal 
to the following result from group theory: a subgroup H of an abelian group 
G is called a pure subgroup if kG Ci H C kH for all k. 
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Lemma 3.39. Suppose G is an abelian group and H is a pure subgroup 
of G. If rH = for some r > 0, then H is a direct summand of G. 

For a proof, see [411 p. 199]. 

In our case, 4r = and hence AH = 0. To verify that our H \s a. pure 
subgroup of T, i.e., kT Ci H G kH for ah A;, we write k = 2^ ■ k' , where k' 
is odd. Since AH = = AT, k'T = T and k'H = H. Thus kT = 2'T and 
kH = 2^H. Again appeahng to AT = = AH, we may assume that s = 1, 
i.e., it suffices to check 2Tr\H C 2H. Suppose ^ aiAi + ^ hiBi = 2 A where 
A & T. As before, by taking and ep^ , Oj and hi are even. Hence 

OiAi + ^i^i = 2 ( E ^'*^*) ^ 2^ 
where hi = 2b'-. This completes the proof. □ 
Corollary 3.40. Gn is isomorphic to IP° (Z/2)°° (Z/4)°°. 

Proof. Obviously Qn is the direct sum of its torsion subgroup T and 
the free abelian group Qn/T- It is already known that the rank of Qn/T is 
infinite (e.g., see (71). Since AT = 0, T is a direct sum of cyclic groups of 
order 2 and 4, by Priifer's theorem (e.g., see |411 p. 197]). Combining this 
with Theorem 13.381 the conclusion follows. □ 

Example 3.41. We give concrete examples of Seifert matrices repre- 
senting finite order elements in Qri' The Alexander polynomial described in 
Theorem 13.361 can be realized by a Seifert matrix by Theorem l3.22l In fact, 
by the algorithm used in the proof of Theorem 13 .221 we obtain the following 
Seifert matrix: 

^ a I 



1 



if e = 1, 



if e 



1 a 

10 

-a -1 -1 

1 

Therefore the image of this matrix under Gji — Gji ^ 
In a similar way, we obtain a Seifert matrix 

r 



1. 



Qn is of order two. 



1 



if e = 1, 



1 




-1 







a 
P 
1 

-1 





if e 



whose Alexander polynomial is as described in Theorem I3.37[ so that its 
image under G„ = Gn,c Qn is of order four. 

We obtain infinitely many matrices by choosing different values of a 
and p in the above construction, and by Theorem I3.38[ the elements in 
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Qn represented by these matrices generate a summand of Qn isomorphic to 
(Z/2)°° © (Z/4)°°. 

Remark 3.42. As a consequence of the results of this section, we can 
compute some surgery obstruction F-groups. First we rephrase our computa- 
tion in terms of relative Witt groups. From Theorem l3.22[ the group Gn.c in- 
jects into the Witt group W,(Q[Z], 5') where S' = {f{t) G Q[Z] | /(I) / 0}. 
Consider a direct system consisting of Wi = VFe(Q[Z],5') and homomor- 
phisms Wi Wri induced by t ^ f. Then our arguments in this section 
show that 

lunWi ^ Z°° © (Z/2)°° © (Z/4)°°. 

On the other hand, every finitely generated Q[Z]-module has homo- 
logical dimension one, since Q[Z] is a FID. Thus the relative Witt group 
We(Q[Z],5") can be identified with the relative L-group L„+3(Q[Z], 5'), 
which is easily seen to be isomorphic to L„+3(Q[Z], Sq) where = 1-|-Kere 
and e: Q[Z] ^ Q is the augmentation map. From exact sequences relating 
F-groups, relative L-groups, and localizations (e.g., see Ranicki's book ) , 
we have 

/ OKI om \ 



n+3 



id 



L„+3(Q[Z],5o) = VFi. 



y (ii[ZJ — ^ J 
Taking limits, it follows that 

/ ofOl Q\Q] \ 



+3 



id 



v 



Z°^ © (Z/2)°^ © (Z/4)' 



This F-group is closely related to Cochran and Orr's homology surgery the- 
oretic approach to rational knot concordance. 
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Geometric structure of Cn 

4.1. Realization of rational Seifert matrices 

The aim of this section is to prove the following realization theorem of 
rational Seifert matrices. As before we adopt the convention e = (—1)'^+^. 

Theorem 4.1. Suppose A is a rational square matrix and c is a positive 
integer. Then A is a Seifert matrix of complexity c for some (2q — l)-knot 
in a rational sphere bounding a parallelizable rational ball if and only if 
there is a rational square matrix P such that P[A — eA^)P'^ is an integral 
unimodular (i.e., invertible over Z) matrix with even diagonal entries. In 
addition, we require sign(A + A^) = mod 16 when q = 2. 

We remark that in contrast to the integral case, the "even" condition 
gives further restriction when e = — 1 since P and A have rational entries. It 
can be omitted when e = 1. In the topological category (where submanifolds 
are assumed to be locally flat), the signature condition for g = 2 is not 
required. 

The only if part was already discussed. For the if part, we may assume 
that Q = A — eA^ is an integral unimodular matrix with even diagonals 
by replacing A by PAP^ . We will describe a concrete construction of a 
rational knot equipped with a generalized Seifert surface of complexity c 
whose Seifert matrix is A. 

4.1.1. Special case: complexity one. First we consider the special 
case c = 1. Since Q has even diagonal entries, we can choose an integral 
matrix B such that Q = B — eB^ . Indeed, denoting Q = {qij) and B = 
(bij), we can choose bij arbitrarily for i < j, and then, let ba = qii/2 and 
bji = qji + ebij for i < j. 

By Levine B3\, there is a Seifert surface E of a (2g — l)-dimensional knot 
in S'^'^'^^ such that E consists of one 0-handle and 2g g-handles, and B is its 
(integral) Seifert matrix with respect to the basis {xi} of Hq{E) where Xi is 
an embedded g-sphere in E obtained by attaching a g-disk in the 0-handle 
to the core of the i-th g-handle. 

We will do surgery on S'^'^^^ along (/-spheres in 5'^'?+^ — E so that E 
becomes a desired Seifert surface in a rational sphere. Write aij — bij = 
niij/nij, where A = (aij) and niij and Uij are integers. Choose a collection 
of disjoint embedded ^-spheres 

{c+ C-. |l<i<i<25} 
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in 5^'?+^ - E such that 

lk(c^:,Xfc) = Jjfc, 
\k{c~-,Xk) = 6jkmij, 

=lk(%>%) = 0, 

„ . + . ^ /<5ifc'5j7 • nij for i < j, 
'^'^ \5,fc<5,r2n,,- for i = i, 

where Ik denotes the hnking number in S'^'^'^^ and dij is the Kronecker delta. 
See the schematic picture in Figure H Let T, be the result of surgery on 
g2q+i g^jQj^g {c^.}, where cfj is framed as follows. (We call it the null- 
framing.) Viewing S^''^^ as the boundary of we can choose disjoint 
embedded (g + l)-disks in 1)2'?+^ which meet S'^''^^ orthogonally at c^-. 
Then the normal bundle of in D^'^'^^ admits a unique trivialization (up 
to fiber homotopy) which induces a trivialization of the normal bundle of 
cfj in S'^''^^. Our S is the result of surgery along this framing on the cfj. 




Figure 1. 



Now E becomes a Seifert surface F in E. We claim that 

lkj:{xf,Xj) = lk{xf,Xj) + 



ruij 



where x^ is the g-sphere obtained by pushing Xi slightly along the positive 
normal direction of -F and Iks denotes the rational linking number in S. 
Then it follows that F has Seifert matrix A since 

YkT,{xf,Xj) = bij + — = Uij. 

To prove the claim, we appeal to the following lemma which is a higher 
dimensional version of [3 Theorem 3.1]: 
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Lemma 4.2. Suppose Ki, ■ ■ ■ , Km are disjoint framed q-spheres embed- 
ded in 5^*^^^ such that surgery on S'^'^^^ along the Ki produces a rational 
sphere S. For two disjoint q- cycles a and b in S'^'^^^ which are disjoint to 
the Ki, the linking number of a and b inTi is 

Iks (a, b) = lk52g+i (a, b) — L^^y 

where x = (oj) and y = {bi) are column vectors given by Oi = l'kg2q+i {a, Ki) 
and bi = lkg2q+i(b, Ki) and L is the linking matrix whose (i, j)-entry is the 
linking number of Ki and the preferred parallel of Kj obtained by pushing 
Kj slightly along the given framing. 

The special case of g = 1 was proved in [3 Theorem 3.1]. Since the same 
argument also works for any q, we omit the details. 

Returning to the proof of Theorem l4.1l we apply Lemma [4.2l to compute 
the linking of xf and xj in S. Our linking matrix L is the block sum of the 
following 2x2 matrices representing the linking of {c 





nki 




for k < L 



2nki 
2nki 



for k = I. 



L ^ is the block sum of their inverses: 
l/uki 







for k < L 



l/2nM 
l/2nM 



for k = I. 



By our choice of c^^ the only nontrivial contribution of the x^L ^y term of 
the formula in Lemma 14.21 is from the block associated to {cf-jCyA. Indeed 
lkY;{xf ,Xj) is given by 



[1 0] 



-l/uij 




" " 


1/nij 




mij_ 



for i = j, 



[1 





-l/2nij 



-l/2ni 






" 1 " 




ruij 



for i 



J- 



In both cases it is equal to bij + ruij/nij, as desired. This proves the claim 
and completes the construction for c = 1. 



Example 4.3. We again consider the matrix 

A : 



p 

1 



which represents a 4-torsion element in Qrj^ for tl = \ mod 4. The algorithm 
described above gives us a rational knot K which has Seifert matrix A. 
Figure [21 illustrates K for n = 1. We have an obvious Seifert surface F 
of K with one 0-handle and two middle-dimensional handles. One middle 
dimensional handle of F is twisted once so that the core has self-linking 
number 1. Another handle of F is untwisted so that the core has vanishing 
self-linking number. There are a pairs of null-framed surgery spheres where 
each pair has linking number 2p and each sphere has linking number 1 with 
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the latter handle of F. The ambient space of K is obtained by performing 
surgery along these 2a spheres. Figure [21 can also be viewed as a schematic 
picture of a rational knot in higher odd dimensions, which has order 4 in C„. 



2p full 




Figure 2. 

4.1.2. General case. Suppose c > 1. Given A, from the above special 
case, there is a knot K' in a rational {2q + l)-sphere E' equipped with a 
generalized Seifert surface F' of complexity 1 whose Seifert matrix is A. We 
apply the construction of 7 , p. 1179-1180] to produce a generalized Seifert 
surface of complexity c: choose an embedded (2g — l)-sphere K bounding 
a 2g-ball B disjoint to K' in S', and choose a simple closed curve C in 
T,' — {K' U K) which meets B and F' transversally at a negative intersection 
point and c positive intersection points so that the linking numbers of C 
with K and K' are —1 and c, respectively. See the schematic picture in 
Figure 01 (a) . 

By our construction of S' in the special case above, we can view S as 
a result of surgery on S^"^"*"^ so that the "null-framing" on C and K' are 
defined. Note that F' induces the null- framing of K' . We perform null- 
framed surgery on S along C and a parallel K' which is taken with respect 
to the null-framing. The result is again a rational {2q + l)-sphere, which we 
denote by S. We can view K as a, knot in S. 

A generalized Seifert surface of K is constructed as follows. Consider 
the union of F' and c parallel copies of B. Puncturing it at the intersection 
with C and attaching c pipes, we obtain a submanifold F" in S' bounded 
by K' and c parallel copies of K. Since F' induces the null- framing on K' , 
there exists a 2q-disk in S — \nt{F") bounded by K' . Attaching this disk 
to F" , we obtain a generalized Seifert surface F of complexity c for K. See 
Figure 121 (b). 

F and F' have the same Hq (or Coker{i/g((?— ) Hq(—)} ii q = 1). 
For any g-cycles x and y on F', the linking numbers lkx;(x^,y) in S and 
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(a) (b) 
Figure 3. 

lkY;'{x^,y) in S' are the same. Indeed for g > 1, since HqCE,' — {CUK');Q) = 
0, we can choose a (g+l)-chain u in Y,' — (CUK) such that du = rx^ for some 
r > 0, and then both lkY;{x~^,y) and lk^i{x^,y) are equal to {l/r){u ■ y). 
For q = 1, using the fact that both x^ and y have hnking number zero with 
C and K' , we can apply Lemma 14.21 This shows that yl is a Seifert matrix 
of F. 

The only remaining thing to verify is that our ambient space S bounds a 
rational ball with stably trivial normal bundle. For this purpose we think of 
the trace of the surgery giving S, and perform surgery on the interior of the 
trace to obtain a desired rational ball. Details are as follows. From the fact 
that S is obtained by performing null- framed surgery on S'^'^^^, we can see 
that a framed (2g+2)-manifold W with boundary S is obtained by attaching 
to a 2g-handle, a 2-handle, and even number of {q + l)-handles. Note 

that the {q + l)-handles give rise to a symplectic basis of Hq^i{W; Q), with 
respect to the intersection form, by the above construction of S. Standard 
surgery techniques shows that we can perform framed surgery on W to 
kill the homology classes of W represented by the 2-handle and half of the 
{q + l)-handles forming a Lagrangian (they are all spherical obviously). An 
alternative ad-hoc method to see this is as follows: the union of B'^'^^^ 
and the concerned handles (the other handles are ignored) is embedded in 
^2(j+i _ Qj^2q+2 g,^^ ^j^g spheres along which we want to do surgery bound 
disjoint disks in B'^'^^^. So we can do null- framed surgery. The result is a 
rational ball A which is framed and has boundary S. 

4.2. Construction of slice disks in rational balls 

In this section we study the subgroup 6C„ in C„ generated by concordance 
classes of knots in rational spheres bounding a parallelizable rational ball. 
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We start with some preliminary lemmas. First, the following result will be 
used to simplify rational balls. 

Lemma 4.4. Suppose q > 2 and S is a rational {2q — l)-sphere bounding 
a parallelizable rational ball. Then T, bounds a parallelizable rational ball 
which is {q — 2)-connected. 

This can be proved by applying standard techniques of surgery. It suf- 
fices to perform surgery below the middle dimension, and hence we have no 
nontrivial obstruction. What follows is (a sketch of) a proof using framed 
surgery. 

Proof. Suppose dW = S, is a parallelizable rational 2g-ball. Then 
we can perform framed surgery on the interior of W, below dimension q — 1, 
to construct a parallelizable (g — 2)-connected 2g-manifold V bounded by S. 
By surgery killing the homology class a of an embedded i-sphere (i < q — 2), 
Hi^2, • • • I Hq are left unchanged; -ffj+i is left unchanged if and only if a is 
of infinite order in Hf, the rank of -ffj+i increases if a is torsion. Hence 
^qi^) = Hgi^) but Hq^i{V) may have nontrivial free part. By surgery 
again, we can kill the generators of the free part of Hq^i{V) keeping Hg{V) 
unchanged. This gives us a desired rational ball. □ 

A similar argument proves the following result for even dimensional ra- 
tional spheres: 

Lemma 4.5. Suppose q > 1 and S is a q-parallelizable rational 2q-sphere 
(i.e., the restriction of the normal bundle on the q-skeleton is stably trivial). 
In addition, if q is odd, suppose T, has vanishing Arf invariant. Then S 
bounds a rational ball which is (q — l)-connected. 

Proof. First we perform framed surgery on S to make it a PL 2q- 
sphere. Capping the trace of surgery with a {2q + l)-ball, we obtain a 
g-parallelizable {2q + l)-manifold W bounded by S. By framed surgery on 
the interior of W killing some i-spheres, i < q — 1, we may assume that W 
is {q — l)-connected. 

Now we do surgery on W to kill the free part of Hq{W). Let a be 
an embedded g-sphere in W representing an infinite order class in Hq(W). 
Since dW is a rational sphere, from the duality with rational coefficients it 
follows that the natural homomorphism Hq^i(W) Hq^i{W, W — a) = Z,, 
which is given by the intersection with a, is a nontrivial map. Its image 
is an ideal generated by a positive integer c. It can be seen that surgery 
along a kills the homology class of a but introduces a new order c element 
to Hq{W) (e.g. see \27\ Lemma 5.6]). Repeating this, we can kill the free 
part of Hq(W) (but the torsion part may grow). This gives a rational ball 
bounded by S. □ 

Consider the following codimension one ambient surgery problem: sup- 
pose that M is an m-manifold embedded in the boundary of an (m + 2)- 
manifold W, a is an embedded i-sphere in M, and 6 is an properly embedded 
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(i + l)-disk in W bounded by a. When can one do ambient surgery on M 
using the disk 6? In other words, when can one obtain an (i + l)-handle at- 
tached on M by thickening 5? The following result is proved by well-known 
arguments (c.f., [2 p. 86], |M1 p. 235]). 

Lemma 4.6. There is an obstruction a G 7rj(S'™'~*) which vanishes if and 
only if we can do ambient surgery along a on M using 5 inW . 

Proof. The normal bundle oi 5 <Z W can be identified with 5 x 
jjm-i+i ^ unique way, being a bundle over a contractible space. The 
associated sphere bundle restricted on a is a trivial sphere bundle a x S""~*. 
By restricting on a the positive normal direction of M in dW , which is 
uniquely determined by the orientations, we obtain a section a ^ ax 5"^~*, 
which gives rise to an element o G 7rj(5''"~*). 

If a is trivial, the section a — > a x extends to 6 ^ 5 x S""^*, and 

the orthogonal complement of this direction in ^ = (5 x gives us an 

{i + l)-handle that can be used to do surgery on M along a. The converse 
is proved in a similar way. □ 

The followings are consequences of (the proof of) the above lemma. 
Lemma 4.7. 

(1) If 2i < m, we can always do ambient surgery along a on M using 
6 in W. 

(2) If 2i = m and W is a rational ball, the obstruction a G vr.t(5*) = Z 
is given by the linking number of a and a pushoff of a along the 
positive normal direction of M in the rational sphere dW . 

4.2.1. Slicing odd dimensional rational knots. In this subsection 
we discuss how to construct a slice disk in a rational ball for an odd- 
dimensional rational knot. First we focus on the special case of knots of 
complexity 1, i.e., knots bounding a Seifert surface. We will call such knots 
primitive^ following [7j- The below proposition reduces the problem into the 
case of simple knots: we call a primitive {2q — l)-knot simple if it bounds a 
{q — l)-connected Seifert surface. 

Proposition 4.8. Suppose K is a primitive {2q — l)-knot in a ratio- 
nal {2q + 1) -sphere E bounding a parallelizable rational ball. Then K is 
concordant to a primitive simple knot in a rational sphere bounding a par- 
allelizable rational ball. In addition, they are concordant via a concordance 
of complexity 1 . 

Although its statement is very similar to a corresponding result of |33| 
for integral knots, the proof of Proposition 14.81 requires more sophisticated 
arguments since a rational {2q -\- 2)-ball bounded by S may have nontrivial 
homotopy groups even below the middle dimension. See the latter half of 
the proof below. 

Proof. For (7 = 1, the conclusion is obvious. Suppose q> 1. Let denote 
by A a parallelizable rational ball with boundary S. The first part of the 
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proof is similar to an argument of j33j for ordinary knots; we do ambient 
surgery on a Seifert surface F oi K, in the rational ball A, to obtain a 
{q — l)-connected submanifold in A. If we were doing abstract surgery, it 
would suffice to do surgery on F along suitable disjoint spheres of dimension 
< (q—l). To do this in the ambient space A, first we assume that A is (q—l)- 
connected by appealing to Lemma 14.41 Then we can choose immersed disks 
of dimension < g in A which are bounded by these spheres, and by general 
position, we can assume that these disks are embedded and mutually disjoint 
since A is {2q + 2)-dimensional. Then by appealing to Lemma 14.71 (1), we 
can do ambient surgery on F using these disks. The trace of surgery is a 
2-sided {2q + l)-submanifold in A which is a cobordism, relative to the 
boundary, between F and a {q — l)-connected 2q-manifold F' . 

We remark that, in the case of ordinary knots, A = iJ^g+s g^j^^j q^Iq 
to find a honest ball in the interior of A whose intersection with W is F' , 
using an engulfing technique as in j33j , so that dF' is a desired simple knot 
in the boundary of the honest ball. In contrast to this, in our case, such a 
ball may not exist. The best we can do is construct a rational ball instead. 
The remaining part of our proof is devoted to this construction. 

Let F be A cut along W. Then, by a general position argument, vrj(y) = 
7rj(A) for i < q, since W is obtained by attaching handles of index < q to 
F X [0, 1]. In particular, -KgiV) = TTq{A) ^ Hq{A) is finite. Let r = \-Kg(y)\. 
Note that F' consists of a 0-handle and 2g g-handles by handle theory. For 
each g-handle, choose an immersed g-sphere in F' representing r times the 
generator of Hq{F') represented by the (^-handle. While we can assume that 
each of these Q'-spheres is embedded by isotopy, two different (^-spheres may 
meet at several points. Let X be the union of these g-spheres. Then we may 
assume that X has the homotopy type of 

2g m 

i\/s^)yi\/s'). 

We will construct a complex Y with the homotopy type of (V^^ 5"^) by 
attaching 2-disks to X killing the S'^-factors. Let be a regular neighbor- 
hood of X in F' . Since g > 2, 

TTiidN) ^TTi{N-X) — > 7ri{N) ^ 7ri(X) 

is surjective. Thus we can choose disjoint circles jk on dN representing 
generators of Tri{X). We claim that there are disjoint embedded 2-disks in 
F' — int N bounded by the 7^. Then the union of N and these 2-disks is a 
desired complex Y. liq > 3, the claim follows from Tri{F' —X) = tti{F') = 0. 

For q = 2, we need more sophisticated ad-hoc arguments. As done 
in [331 p. 235], by taking connected sum with some copies of S'^ x S'^ in the 
ambient space A, we may assume that F' is homeomorphic to ^^S"^ x 5^ 
with a puncture. We can view F' as a handlebody with a 0-handle and 
2g 2-handles attached along a split union of Hopf links KfuKf {i = 1, . . . , g) 
contained in dB'^. We can choose r-punctured spheres Cf and Cf properly 
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embedded in B'^ such that Cf is bounded by the union of r parallel copies 
of Kj, Cl n C{, = for i / i\ and C} n Cf consists of points. Figure H 
illustrates the configuration of C} and Cf as a "movie" along the radial 
direction of i?^, i.e., the intersection of with the level sphere {rr € : 
\x\ = i}, viewing as the unit ball in M^. Attaching parallel copies of the 
cores of the 2-handles of F' to the union of all the Cl , we obtain a complex 
X which is homotopy equivalent to 

(V5^)v(V n 

In Figure m the dotted lines represent (r^ — 1) 2-disks in C F' whose 
boundaries are the concerned curves 7^ representing the S^-factors of X. 
Attaching these 2-disks to X, we obtain the complex Y. 




t = l-2e t = l-3e 



Figure 4. 

Now we use the complex Y to construct a rational ball whose boundary 
contains F' . Recall that W is the trace of ambient surgery producing F' 
from F. For notational convenience, we identify a bicollar of F' in W with 
F' X [0, 1], where F' C dW is identified with F' x 0. Y xO C F' xO C V {= A 
cut along W) is null-homotopic in V by our choice of r. By the engulfing 
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theorem of Hirsch (21] . there is a {2q + 2)-cell CinV such that Y xO C dC. 
Let 

z = cu(yx[o,i])u(F'xi) 

and view it as a subset of A. H^:{Z) is trivial except Hq{Z) = Z, Hq{Z) = 
(Z/r)". Choose a regular neighborhood A' of Z in A such that x 1 C 
9A'. A' has the homotopy type of Z and hence is a rational ball. Being 
a codimension zero submanifold of A, A' is parallelizable. Now it is easily 
seen that K is concordant to the rational knot dF' x 1 c 3A', via the 
concordance 

S'^'^-^ X [0, l]^dW - int(F) - F' X [0, 1) C A - int(A'), 

and F' X 1 is a (g — l)-connected Seifert surface of dF' x 1. 

Finally, by the Thom-Pontryagin construction with the codimension one 
submanifold 

W-F X [0,1) C A-int(A'), 
we obtain an 5^-structure E ^ oi complexity 1 where E is the exterior 
of the concordance, that is, it induces a homomorphism f^i (F) /torsion = 
TL ^ 7L sending a meridian to 1 G Z. This shows that the concordance has 
complexity 1. □ 

Remark 4.9. Although we do not need it in this paper, the following 
generalization of Proposition 14.81 can be proved by similar arguments; if a 
(2g — l)-knot in a rational sphere bounding a parallelizable rational ball 
admits a generalized Seifert surface of complexity c, then it is concordant 
to a knot in a rational sphere bounding a parallelizable rational ball, which 
admits a (g — l)-connected generalized Seifert surface of complexity c. In 
addition, they are concordant via a concordance of complexity < c. 

The following is a weaker version of our slicing theorem for primitive 
simple knots: 

Proposition 4.10. Suppose g > 1 and K is a primitive {2q — l)-knot 
in a rational sphere S bounding a [q — l)-connected parallelizable rational 
ball A. If K admits a {q — l)-connected Seifert surface F with a metabolic 
Seifert matrix, then there is a rational 2q-disk in A bounded by K . 

Proof. Since F \s [q — l)-connected, Hq{F) is free of even rank, say 
2(7, and we can view Hq{F) as a subgroup of 

Hq{F-Q) = Hq{F)®Q. 

Let H C Hq{F;Q) be a metabolizer of the Seifert pairing 

S: Hq{F;q)xHq{F-q)-^Q. 

Then it can be checked that Hq = H f] Hq{F) is a rank g summand of 
Hq[F). Choose a basis {xj} of Hq which extends to a basis of Hq{F). Let 
r = |7rg(A)| = \Hq{/S)\, which is finite. 

We claim that the classes rxi can be represented by disjoint embedded 
g-spheres in F. For q > 2, the claim follows from the Whitney trick 
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since the intersection number of rxi and rxj in F is given by S{rxi,rxj) — 
eS{rxj,rxi) = 0. For q = 2, we again appeal to the arguments in |33j . 
As in the proof of Proposition 14.81 we may assume that F' is obtained 
by attaching 2g 2-handles to a 4-ball along a split union of g Hopf links 
contained in the boundary of the 4-ball, and furthermore, we may assume 
that Xi is represented by the core of the 2-handle attached along the first 
component of the i-th Hopf link by the arguments in |33( p. 236]. Now 
desired spheres are obtained in a similar way as the construction of the 
complex Y in the proof of Proposition 14.81 Oj is the union of the surface 
C B4 illustrated in Figure |1] and r parallel copies of the core of the i-th 
2-handle. 

By our choice of r, there are immersed disjoint disks 5i in A bounded 
by Oi. By Whitney trick again, we may assume that the 6i are disjoint 
embedded disks since the intersection number of 5i and 6j is given by 
S{rxi,rxj) = 0. Appealing to Lemma [4.71 (2), we can do surgery on F 
using the 5i, since the self- linking of in E is zero. It is easily seen that the 
resulting submanifold in A is a rational disk, which is bounded by K. □ 

Remark 4.11. The rational disk constructed in the above proof is (g— 1)- 
connected and parallelizable, and has a trivial normal bundle, since F is 
(q — l)-connected and the trace of the ambient surgery in the above proof 
is a parallelizable two-sided codimension one submanifold in A. 

Now we are ready to prove our slicing theorem in higher odd dimensions. 

Theorem 4.12. Suppose q > 1 and K is a rational {2q — l)-knot in a 
rational sphere S bounding a parallelizable rational ball. If K has a Seifert 
matrix A such that irA is metabolic for some r > 0, then K is a rational 
slice knot, i.e., K bounds an honest 2q-disk in a rational ball bounded by S. 

Proof. Suppose -F is a generalized Seifert surface for K on which the 
Seifert matrix A is defined. We may assume that F has no closed component 
by piping (this does not change the Seifert matrix for q > 1). Furthermore 
we may assume that A is metabolic (i.e. r = 1) by replacing F by r parallel 
copies of F. 

Suppose F has complexity c, that is, OF consists of c parallel copies oi K. 
Since F has no closed component, T, — F is connected. We join components 
of dF using (c — 1) bands whose interiors are disjoint to F. It gives us a 
primitive knot Kq which is a band sum of dF, together with a Seifert surface 
Fq of Kq which is the union of F and the bands. Note that there is a c- 
punctureddisk C in Sx [0, 1] boundedby iCxOU— i^oxl- Bv Proposition l4.8( 
Kq is concordant to a primitive knot Ki C Si which has a (g — l)-connected 
Seifert surface Fi. We denote the concordance by (Wq, Cq); Wq is a rational 
homology cobordism between S and Si and Cq = S'^'^^^ x [0, 1]. Since there 
is a concordance of complexity 1 between Kq and Ki, the Seifert matrix of 
-Fi is also metabolic. By Proposition 14. lfl| there is a rational 2g-disk Ci in a 
rational {2q + 2)-ball Ai such that 5(Ai, Ci) = (Si, i^i). Gluing the above 
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pairs along the boundaries, we construct a pair 

{A,D) = i^x[0,l],C) U iWo,Co) U (Ai,Ci) 

(Exl,/foxl) {Si,Ki) 

of a rational {2q + 2)-disk A and a c-punctured rational 2g-sphere D which 
is bounded by (S,f?F). 

Denote by V the manifold obtained by attaching a 2g-handle D^^ x 
to A along K. We will construct a slice disk complement U for K by killing 
-f^2g(^;Q) — Q generated by the 2g-handle. Attaching c parallel copies of 
the core of the 2(7-handle to D, we obtain a rational 2q-sphere S in 1/. To kill 
-f^2(j(^;Q), we perform "surgery" on V along S as follows (indeed this kills 
r times the generator of H2q{V; Z) represented by the 2g-handle). Since Ci 
is parallelizable, S is g-parallelizable. If q is odd, we may assume that S has 
vanishing Arf invariant by replacing the original generalized Seifert surface 
F with the union of two parallel copies of F at the beginning and applying 
the above arguments (this gives instead of S). So, by Lemma [4.5[ 

there is a rational {2q + l)-ball B bounded by S. The normal bundle of S 
in V is trivial, since the obstruction lives in 

H\S;t:i{S02)) = H^{Cv,T^i{S02)) 

and Ci has trivial normal bundle. Identifying a tubular neighborhood of S 
in V with S x Z)^, we remove int(5' x D^) from V and fill it in with B x 
along the boundary to obtain 

U = (V - inUS X D^)) U (B x S^). 

Note that dU is the surgery manifold of K, and iZ*(f/;Q) vanishes except 
Hi{U;Q) = Q which is generated by the meridian of K. Attaching a 2- 
handle x D^'^ to U along the meridian, we obtain a rational ball and S is 
recovered as its boundary. The cocore x D^'^ of the 2-handle is an honest 
disk bounded by K. This completes the proof. □ 

As consequences of Theorem 14.11 and Theorem 14.121 Theorem ESI (2), 
(3), and (4) follow. 

4.2.2. Slicing even dimensional rational knots. Using similar tech- 
niques, we prove the following slicing theorem in even dimensions. 

Theorem 4.13. Suppose K is a 2q-knot in a parallelizable rational {2q + 
2) -sphere S. If q is odd, or q is even and S has vanishing Arf invariant, 
then K is a rational slice knot. 

Proof. By Lemma l4.5| there is a q'-connected rational (2g + 3)-ball A 
bounded by S. Choose a generalized Seifert surface F for K. As done in 
the proof of Proposition UHl we will do ambient surgery on F in A, to make 
it (/-connected. Since F is parallelizable and {2q + l)-dimensional, there is a 
collection of disjoint spheres of dimension < q in the interior of F such that 
(abstract) surgery along those spheres gives rise to a g-connected manifold. 
Since A is (2g-|-3)-dimensional and g-connected, we can find disjoint disks of 
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dimension < g + 1 in A which are bounded by the above spheres. Appeahng 
to Lemma 14 .71 we can do the desired ambient surgery using these disks. 
This gives us an honest sphere with punctures which is properly embedded 
in A and bounded by parallel copies of K. Now the argument of the last 
part of the proof of Theorem 14. 121 can be used to show that K is a. rational 
slice knot. □ 

Theorem 11.31 (1) is a corollary of Theorem 14.131 

4.3. Rational and integral concordance 

In this section we study the natural homomorphism of the integral knot 
concordance group into the rational knot concordance group C„. Since 

= for even n, we assume that n is odd, say n = 2q — 1, throughout this 
section. Since the image of — > Cn is contained in the subgroup bCn, we 
will consider the induced homomorphism —>■ bCn- Note that for n > 1 
there is a commutative diagram 





Gn,l = Gn ^ — IH^^ Gn,c 

where the vertical homomorphisms are injective. 

4.3.1. Kernel of — > It has already been known that hCn 
is not injective. In fact, in Example 13.171 we described a Seifert matrix 
A such that for n = 4A; + 1 > 1, the concordance class of any n-knot in 
S*"-"*"^ with Seifert matrix yl is a nontrivial order two element in the kernel 
of — > bCn- We generalize Example 13 .171 as follows: 

Theorem 4.14. For any odd n> 1, the kernel of bCn contains a 

subgroup isomorphic to (Z/2)°^. 

In the proof of Theorem l4.14l we need the following results of Levine |33^ 
I32j on integral Seifert matrices of knots in honest spheres. (Because of 
different sign conventions, some signs have been changed appropriately) 

Lemma 4.15. 

(1) A polynomial A(t) with integer coefficients is an Alexander poly- 
nomial of a 2g X 2g Seifert matrix A of an n-knot in S'^'^'^ if and 
only if A{t~^)t'^'J = A{t), A(l) = , and A(e) is square. 

(2) Suppose A is a Seifert matrix of an n-knot in 5"'''^ with Alexander 
polynomial Ayi(t) = Ai(t)A2(i) • • • Xk{t) where the Xi{t) are distinct 
reciprocal irreducible polynomials of degree 2. Then A is of order 
2 if and only if A has vanishing signature invariants and, for any 
Xi{t) and for any prime p = 3 mod 4, the exponent of p in the 
prime factorization o/ Aj(l)Aj(— 1) is even. 
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Proof of Theorem I4.14L First we consider the case q is odd. For a 
positive integer a, let 

A [a 1 

A= „ 

—a 

A is a Seifert matrix of an n-knot K in S^'^'^ by Lemma [4.15l We claim that 
K is in the kernel of bCn- It suffices to show that = in 

Since 

A^(t) = -ah"^ + {20^ + l)t - a^, 
the reparametrization formula gives us 



-{at'' + t- a)(at^ - t-a). 



Since both irreducible factors are not reciprocal, [«2^] = in G„ by Propo- 
sition [SHI This shows the claim. 

Now we show that K has order two in C^. It suffices to show that [A] is 
of order two in G„. Since A^(i) is irreducible, [A] is nontrivial in Gn (if one 
wants, the invariant ez{A) can be used). Note that ^ is a Seifert matrix of 
a 1-knot Ka in 5^ which is illustrated in Figure El Since Ka is amphicairal 
(i.e., Ka is isotopic to —Ka), —[A] = [A] in Gn- 





Figure 5. 

Furthermore, different values of o give us different matrices A which are 
independent in Gn since they have relatively prime Alexander polynomi- 
als (one may use ez{A) again). Therefore the associated knots K are also 
independent. This completes the proof for odd q. For later use, we ob- 
serve the following fact: by Lemma 14.151 (2). the exponent of p in the prime 
factorization of — (4a^ -|- 1) = A^(1)A^(— 1) is even for any prime p = 3 
mod 4. 

Now we consider the case q is even. Let 

A{t) = {t' -3t + l){a''t'' - {2a' + l)t + a'), 
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where a is a positive integer such that A(— 1) = 5(4a^ + 1) is square. Then 
by Lemma 14.151 (1). A(t) is the Alexander polynomial of a Seifert matrix 
A of an n-knot K in 5'"'*'^. As before, by observing the factorization of 
Aj2yi(t), [«2^] = in Gn and thus [A] is in the kernel of Gn — >■ Gn- It follows 
that K is in the kernel of — > bCn- 

Note that A(i) has two irreducible factors f{t) = — 3t + 1 and g{t) = 
o^t^ — (2a^ + l)t + . By the observation above, for any prime p = 3 
mod 4, the exponents of p in the factorization of /(!)/(— 1) = —1 and 
g{l)g{—l) = — (4a^ + 1) are always even. Therefore, by Lemma 14.151 (2). A 
has order two in Gn- It follows that K has order two in C^. 

As before, different values of a gives us different Seifert matrices A which 
are independent in Gn- Therefore, to complete the proof, it suffices to show 
that there are infinitely many a such that 5(4a^ + 1) is square. For this 
purpose, we consider a Diophantine equation 

x2 - 5y2 = -1 

which is a specific form of Pell's equation. It is known that there are infinitely 
many solutions (x, y) of this equation. A concrete description is as follows. 
Let (xo,yo) = (1,0), (xi,yi) = (2,1), and 

Xn+2 = 4rE„+i + Xn 
yn+2 = 4y„+l + Vn 

for n > 0. Then it can be shown that — 5y^ = (—1)" by an induction. In 
particular, (x2n+i, y2n.+i) is a solution of our Diophantine equation. These 
solutions are different since {xj} is increasing. Since X2n+i is even and 

5(^2n+i + 1) = (%2n+i)^' integer a = X2n+i/2 has the desired property. 
This completes the proof for even q. □ 

For n = 1, the above arguments do not work. However, Cochran proved 
that the kernel of Cf — > bCi is nontrivial. In fact he showed that the figure 
eight knot, which has order two in C^, is a rational slice knot using a Kir by 
calculus argument similar to that of Fintushel and Stern |17j . Generalizing 
his arguments, we prove the following result. 

Theorem 4.16. The kernel of Cf bCi contains a subgroup isomorphic 
to (Z/2)°°. 

Proof. We will show that the knot Ka in S*^ illustrated in Figure El is a 
rational slice knot. Since the concordance classes of the Ka have order two 
in cf and are independent, as we observed in the proof of Theorem 14. 14( it 
proves the desired conclusion. 

Let M be the 3-manifold obtained by null-framed surgery on along 
Ka- In a similar way as |17j . we will construct a rational homology cobor- 
dism between M and 5^ x S^. First, starting with M x [0, 1], we construct 
a cobordism Wi between M and another manifold M' as illustrated by the 
Kirby diagrams in Figure El Wi is obtained by attaching a 1-handle and 
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a 2-handle, and it can be seen that the 2-handle kihs the generator intro- 
duced by the 1-handle (over the rationals). Thus Wi is a rational homology 
cobordism. 

On the other hand, Figure El illustrates that the underlying link of the 
Kirby diagram describing M' is concordant to the link L shown in the last 
diagram in Figure El Figure can be viewed as a "movie" illustration of a 
concordance in x [0, 1]; it illustrates the intersection of the concordance 
with the level spheres x t. From this it follows that there is a Z-homology 
cobordism between M' and the result of surgery M" along L with respect 
to framings 2, 0, and —2. It is easily seen that M" = S'^ x S^, and thus 
W = Wi Um' W2 is a rational homology cobordism between M and S'^ x S^. 

Let y = U52X51 -D^ X 5^. V is bounded by M and has the rational 
homology of S^, where Hi{V;Q) is generated by the meridian of Ka- At- 
taching a 2-handle to V along the meridian of Ka, we obtain a rational ball 
bounded by S^. The cocore of the 2-handle is an honest 2-disk bounded 
by Ka- This shows that Ka is a rational slice knot. □ 

4.3.2. Cokernel of — > We will investigate the structure of the 
cokernel of Gn — > Gn and then pull it back along 

Coker{C^ bCn} Coker{G„ Gn}- 

In |12j and |2|, some periodicity of the signature invariant of Gn was used 
to investigate Coker{G„ — > Gn}- We generalize it for our invariants of Gn- 
Recall that for A £ Gn, SaiA), ea{A), and Sa{A) denote the "a-coordinates" 
of the invariants s{A), e{A), and d{A), respectively. (See the last part of 
Section ISI21) 

Theorem 4.17. If A e Gn is contained in the image of (pc- Gn,c — ^ Gm 
then for any a = (oj) and /3 = (/3j) G P such that Uc = (3c, the followings 
hold: 

(1) Sa{A) = SfsiA) provided a,f3 £ Pq. 

(2) ec.{A) = e(s{A). 

(3) dc,{A)=dp{A). 

Proof. Suppose that [A] £ Gn = Gn,c is sent to ^ G 

Gn via (j)c- Since 

Oc and j3c are the same complex numbers, we have eQ,^[A] = 6/3^(74]. (Recall 
that Cz [A\ is the modulo 2 residue class of the rank of the Oc-primary part 
of [A\ G Gn-) By our definition, 

eo,{A) = Co^M] = e^A^] = ep{A)- 

The same argument works for the invariants s and d- □ 

Now we apply Theorem 14 . 1 71 to study the structure of the torsion part of 
Coker{G„ Gn}- Recall that in Corollary I3.4fll we constructed a summand 
H of (the torsion part of) Gn isomorphic to (Z/2)°°©(Z/4)°°. H is generated 
by order 2 elements of the form ^c[^i] and order 4 elements of the form 
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Figure 6. 



0c [Sj], where [Ai], [Bi] G G„ and c > is a positive integer. Henceforce we 





t = 1 



Figure 7. 
fix c = 2 and consider the subgroup 

H C lm{(t>2 ■■ Gn Qn} C Gn 

generated by Ai = (j)2[Ai] and Bi = 02 [-Bj]. 

Proposition 4.18. H n lm{(t>i : G„ Gn} = {0}. 

Proof. As in the proof of Theorem 13.381 choose zeros Zi,Wi ^ —1 of 
A^.(i), AB.(t) and choose ai,Pi G P such that {ai)2 = Zi, (/3j)2 = Wi. 
In addition, by Remark 13.211 there are a[, P[ G P such that (0^)2 = —Zi, 
iPi)2 = —Wi- Since the (— 2;)-primary parts of Ai, Bi are trivial for any 
z £ {zi,Wi}, we have the following property, in addition to the properties 
(1) and (2) in the proof of Theorem 13.381 

(3) For a G {a^, (3^} and A G {Ai,Bi}, ea{A) and da{A) are trivial. 

Suppose that A = '^ o-iAi + ^ hiBi is contained in Im{(^i}, where a^, hi 
are integers. Observe that 

= = {-Zif = (q-)i. 
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and similarly = Thus by Theorem l4.17l we have eai{A) = Cf^'XA) 

and ep.{A) = e^/(^). Taking Cq,. and Cq,/ of o,iAi + ^ hiBi, it follows that 
each Oj is even, from the properties (1) and (3). Considering ep^{A) and 
e^'(^) in a similar way, we can see that each bi is even. Letting bi = 2h[, 
A = Yli^'ii'^^i)- Now since dp^{A) = dpi_{A)^ it follows that b[ is even from 
the properties (2) and (3). This shows that ^ = 0. □ 

In [3 Theorem 1.3], it was proved that Coker 0i contains Z°°. Indeed its 
proof shows, using signature invariants, that there is a subgroup H' = 
in Qn such that H' n (Imi;^i + T) = {0}, where T is the torsion subgroup 
of Qn- From Proposition 14.181 and the fact that H \s a. summand of T, it 
follows that H' ® H \s a, summand of Qn such that 

{H' ®H)r\lra(l)i = {0}. 

Therefore we have the following consequence: 



Corollary 4.19. Coker ( 
(Z/2)~ e (Z/4)°°. 



Note that, for odd n > 3, CokerjC, 
image of the composition 



1 has a direct summand isomorphic to © 
> bCn} = Qn/S where S is the 



Since S C Im0i, {H' © H) n 5 = {0}. Thus the second conclusion of 
Theorem 11.41 follows: Coker {C^ — > 6C„,} contains a summand isomorphic to 
Z~ © (Z/2)°^ © (Z/4)°^. For n = 3, by replacing Qn with its index two 
subgroup Im{C„ ^ Qn}, the same argument works. 



Remark 4.20. On the same lines as Bemark 13.421 the results in this 
section can be rephrased in terms of surgery obstruction F-groups: for odd 
n, the kernel and cokernel of the homomorphism 



n+3 



id 



V 



71+3 



id 



have a subgroup isomorphic to (Z/2)°° and a summand isomorphic to Z°° © 
(Z/2)°° © (Z/4)°°, respectively 

4.4. Subrings of rationals 

We remark that, for any subring i? of Q, most of our higher-dimensional 
arguments can be applied to knots in i?-homology spheres. Let 5 be a set 
consisting of primes, / be the set of positive integers which are coprime to 
all p G 5, and R be the subring of Q generated by{l/cGQ|cG/}. We 
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can define i?-concordance of n-knots in ii-homology {n + 2)-spheres and the 
i?-concordance group of such knots in an obvious way. The geometric 
arguments in Sections 14. II and 14.21 also work in this case. For odd n, instead 
of our Gn,i and Gn, we need to consider the algebraic concordance group 
of Seifert matrices over R and their limit 

Then a homomorphism — > is defined, by appealing to the property 
that the complexity of a knot in an i?-homology sphere is coprime to all 
p € S, which follows from the Alexander duality with i2-coefficients. Most 
proofs carry over R, although some statements need to be modified a little; 
e.g., in case of Theorem 13.221 (^). "nonzero square in Q" should be read as 
"unit square in R" . 

In particular, the structure of can be calculated in the same way as 
Sections 13.21 13.31 and 13.51 If 2 ^ 5, we can obtain complete invariants of 
Q^, using parameter sets 

= {{ai)i^i I {airy = a' for r e I}, 

Po"^ = {{ai) G I \ai\ = 1}, 

and in this case our algebraic construction of torsion elements also works 

in g^. 

If 2 G 5, the situation is so simpler that we do not need to use the 
full power of our algebraic results. Indeed in this case the morphisms 
^ni ~^ ^nri defining the limit are all injective (e.g., see [T2i. Propo- 
sition 2.1]). Since all the elements in survive in Q^, the existence of 
torsion elements in is immediate. From this it follows that all the ana- 
logues of the theorems in the introduction (Chapter 1) hold for any R. Also, 
the analogues of the results on F-groups discussed in Remarks 13.421 and 14.2U1 
hold. 



CHAPTER 5 



Rational knots in dimension three 

5.1. Rational (0)- and (0.5)-solvability 

Let G be a group. For two elements a and b in G, the commutator of 
a and b is defined by [a,b] = aba~^b~^. For two subgroups A and B in G, 
we define [A, B] to be the subgroup generated by {[a, 6] \ a £ A and b £ B}. 
The n-th derived subgroup G*-""-* is defined inductively by 

To kill torsion elements in quotients of G by derived subgroups, we consider 
the rational derived subgroup Gq^ as in and |19j : 

(n) 

Definition 5.1. The n-th rational derived subgroup Gq is defined by 

= G, = {g G I g^ G [cf \ gJ^] for some r / 0}. 

It is known that Gq^ is a normal subgroup of G I19| . 
For a 4-manifold with fundamental group G, there is an intersection 
form on the homology of W with Q[G/GQ''*]-coefficients: 

A„: H2{W;Q[G/G^^^]) x //2(W^; Q[G/gJ^)]) ^ Q[G/G^^\ 

Denote by X^"^ the regular cover of a CW-complex X associated to the nor- 
mal subgroup TTi{X)^Q^ in tti{X). The homology module H2{W; Q[G/gJ^]) 

is identified with the rational homology H2{W^'^^;Q) of the cover 

Now we are ready to define the rational solvability of 3-manifolds and 
1-dimensional knots following jl3j . 

Definition 5.2. For a closed 3-manifold M and a nonnegative integer 
n, a 4-manifold W is called a rational (n) -solution of M if 

(1) dW = M, 

(2) i?i(M;Q) ^ Hi{W;Q) is an isomorphism, and 

(3) there exist elements 

Vi,...,Vm,Ui,...,Um G i/2(l^^"^Q) 

such that Xn{ui,Uj) = 0, Xn{ui,Vj) = 6ij (the Kronecker delta), 
and the images of the Ui, Vi in i?2(W^;Q) under the covering map 
form a basis of H2{W; Q). 
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We call W a rational (n.5) -solution of M if, in addition to (1), (2), and 
(3) above, 

(4) there exist elements 

such that Xn+i{u[,u'j) = and the above Uj is the image of u[ under 
the covering map. 
If there is a (/i)-solution W, then M is called rationally {h)-solvable. 

Remark 5.3. Definition 15.21 is slightly different from the original def- 
inition of Cochran, Orr, and Teichner |13l Definition 4.1] which uses the 

ordinary derived series G^^'^ instead of the rational derived series G'q\ In 
fact, it turns out that our definition is a more accurate description of the 
geometric property which is detected by solvable poly-torsion-free-abelian 
(PTFA) coefficient systems. A rational (/i)-solution in the sense of ^13.i Def- 
inition 4.1] is a rational (/i)-solution in the sense of Definition 15.21 All the 
results in [131 about rational solvability hold when the original definition is 
replaced by Definition 15.21 

Henceforce we consider only 1-dimensional (rational) knots. In order to 
apply the notion of rational solvability to knots, we consider the surgery 
manifold obtained by filling the exterior with a solid torus. For this we 
need a fixed choice of a framing. In case of integral knots, the zero-linking 
framing is an obvious choice. However, a rational knot might not allow such a 
canonical framing; every pushoff of a given knot may have nontrivial linking 
number with the knot, since the linking number is rational-valued. Hence 
we are naturally led to consider knots admitting a longitude with linking 
number zero. It is equivalent to the condition that the knot has vanishing 
(Q/Z)-valued self-linking, or that there exists a generalized Seifert surface, 
by Theorem 12.61 Note that this is a necessary condition for a knot to be 
a rational slice knot. For such knots, we call the framing induced by a 
generalized Seifert surface the zero-framing and call the result of surgery 
along this framing the zero-surgery manifold. 

Definition 5.4. A rational knot K with vanishing (Q/Z)-valued self- 
linking is called rationally {h)-solvahle if the zero-surgery manifold M oi K 
is rationally (/i)-solvable. 

The subgroup of the classes of rationally (/i)-solvable knots in sCi C Ci 
is denoted by .F^^ . 

Remark 5.5. In case of a knot in , the ordinary derived subgroup and 
the rational derived subgroup of the fundamental group of the zero-surgery 
manifold are equal, so that the definitions of rational solvability in this paper 
and (13| are equivalent. 

In Definition 12. 8[ the complexity of a knot K was defined in terms of 
the meridian in the integral homology of the knot exterior. It is easily seen 
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that the complexity can also be defined by considering the surgery manifold 
M, instead of the exterior: Hi{M;<Qi) = Q is generated by the meridian 
of K by the Alexander duality, and hence i7i(M; Z)/torsion is isomorphic 
to Z. The meridian of K generates a nontrivial subgroup in Z, and its 
positive generator is the complexity of K. This is equivalent to our previous 
definition. 

The complexity of a rational solution of M is defined in a similar 
way. Since Hi{W;Q) ^ ifi(M;Q) = Q, Z)/torsion is isomorphic to 

Z, and the meridian of if is a nontrivial element in this group. 

Definition 5.6. For a rational (/i)-solution W of the zero-surgery man- 
ifold M of a knot K, the positive generator of the subgroup generated by 
the meridian of K in Hi{W; Z)/torsion = Z is called the complexity of W. 

Since Hi{M; Z)/torsion — Hi{W; Z)/torsion is injective, the complexity 
of a knot is a divisor of the complexity of its rational solution. 

Of course a rational slice knot is rationally (/t)-solvable for any h. Indeed 
a rational solution of a knot can be viewed as an "approximation" of a 
rational slice disk complement, and in this sense, the rational solvability is 
a measurement of "how close" a knot is to a rational slice knot. 

Similarly, we can think of the rational solvability of a rational 3-sphere 
as a measurement of the extent of failure to bound a rational 4-ball. Gener- 
alizing naively the fact that the ambient space of a rational slice knot must 
bound a rational 4-ball, one may expect that if a knot is "close" to a ratio- 
nal slice knot, then its ambient space must be "close" to the boundary of 
a rational 4-ball in the above sense. Indeed it follows from the proposition 
below, which is a general statement that certain surgery preserves rational 
solvability. 

Proposition 5.7. Suppose M is a rationally [h)-solvahle 3-manifold 
and i: X M is an embedding such that [i{* x S^)] = in Hi{M — 

5^ X 0;Q) and [i{S'^ x *)] ^ in Hi{M;Q), where * G 5^ Then the 
3-manifold 

AT = M - int i(S^ x D'^) U D'^ x 

51x51 

obtained from M by surgery is also rationally {h) -solvable. 

Proof. Suppose W is a rational (/t)-solution of M. Let V be the 4- 

manifold obtained from W by attaching a 2-handle along i{S^ x D'^) in such 
a way that dV = N. We will show that y is a rational (/i)-solution of A''. 

Let denote n = i{S^ x *). Then obviously Tri{V) = Tri{W)/H where H 
is the normal subgroup generated by Furthermore, by our hypothesis, 
Hi{N;Q) = Hi{M;Q)/{n). Combining this with Fi(M; Q) ^Hi{W;Q),it 
follows that the map Hi{N;Q) Hi(y;Q^) induced by the inclusion is an 
isomorphism. 
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Since the surjection 7ri(VF) T^iiV) sends iti{W)q^ into 7:i(V)^ , it gives 
rise to a ring homomorphism of R'^ into Hence we can think of the 
i?„-coefficient homology H^{W; Rn) as well as H^:{W; R'^). Consider the 
following diagram: 



The bottom row is exact by a Mayer- Vietoris argument. Since H2{fi; Q) = 
and P is an injection, a is an isomorphism. If /i = n is an integer, by 
the rational (n)-solvability of W, there are elements Ui,Vj G H2{W;R'^) 
satisfying Definition 15. 21 From the naturality of the intersection pairing and 
that H2(W;Q) = H2{V;Q), it follows that the images Ui,Vj in H2(y;Rn) 
also satisfy Definition 15.21 This shows that y is a rational (n)-solution of S. 
Similar argument works for the case h = n + 0.5. □ 

As a consequence, if S is a rational 3-sphere and is a rationally (h)- 
solvable knot in S with vanishing (Q/Z)-valued self-linking, then letting the 
zero-surgery manifold and S play the role of M and N above, respectively, 
it follows that S must be rationally (/i)-solvable by Proposition 15.71 

However, by Proposition 15.81 below, it turns out that this application to 
rational knots is less interesting. 

Proposition 5.8. // a rational 3-sphere T, is rationally {0) -solvable, 
then S is rationally {h) -solvable for any h. 

Proof. Suppose W is a rational (O)-solution of S. Then Hi{W;Q) = 
Hi{T,;Q) vanishes and thus 



It follows that ni{W)Q = tti{W) for all n, that is, the cover VF^*^) is nothing 
more than W itself. Therefore W is a rational (/i)-solution for any h by 



Remark 5.9. From Proposition 15. 8( we can also see that any attempt 
to find further obstructions for a rational 3-sphere to bound a rational 4-ball 
from PTFA coefficient systems (and associated von Neumann invariants) in 
a similar way as |13j will fail. 



H2{W;R'J H2{W-Rn) H2{V;Rn) 



7ri{W)/Tri{W) 



(1) 

Q 



iJi(T4^;Z)/torsion = 0. 



Definition O 



□ 
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From the viewpoint of knot theory, our main interest is to investigate 
further obstructions to being rationahy (/i)-solvable obtained from the com- 
phcation of knotting, beyond rational solvability of ambient spaces. The 
following result deals with the cases of h = and 0.5. 

Theorem 5.10. Suppose K is a knot in a rational sphere S with van- 
ishing (Q/Ij)- valued self-linking. Then 

(1) K is rationally {Q)-solvahle if and only if so is S. 

(2) K is rationally {0.5)-solvable if and only if S is rationally (0)- 
solvable and there exists a generalized Seifert surface with a meta- 
bolic Seifert matrix. 

Remark 5.11. This result may be compared with the analogues for 
integral knots discussed in jl3j : an integral knot is integrally (O)-solvable if 
and only if the Arf invariant is zero, and is integrally (0.5)-solvable if and 
only if its Seifert matrix is metabolic. For integral knots the ambient space 
condition is unnecessary since 5"^ bounds D^. For rational knots, we have 
no condition on the Arf invariant; we have no Arf invariant over Q. We 
note that the Arf invariant condition for integral knots is required since an 
integral (O)-solution must be a spin 4-manifold by definition. 

Recall a special case of Theorem 14.11 for any pair of a positive inte- 
ger c and a rational Seifert matrix A, there is a knot K in a rational 3- 
sphere S bounding a rational 4-ball which has a generalized Seifert surface 
of complexity c with Seifert matrix A. In particular, this S is rationally 
(O)-solvable, and hence K is rationally (O)-solvable by Theorem I5.1UI fl). 
From this it follows that any element in Qi is realized by a rationally (0)- 
solvable knot. Combining this with Theorem 15.101 (2), we obtain Theo- 

Proof of Theorem 15.101 First we prove the if direction. Suppose 
that A is a rational (/i)-solution of S where /i = or 0.5. Let V be the 
manifold obtained from A by attaching a 2-handle along the zero-framing 
of K so that dV is the zero-surgery manifold M. 

Let Fq is a generalized Seifert surface in S. Pushing the interior of Fq 
into the interior of A and attaching parallel copies of the core of the 2- 
handle, we obtain a closed surface F in V. Since F is boundary parallel, 
there is a canonical framing of the normal bundle of F, and using this, we 
identify a regular neighborhood oiFinV with F x D^. 

Let X = V — mt{F x D^). Choose a handlebody R bounded by F, and 

let 

W = X U RxS\ 

FxS^ 

We will show that is a rational (/i)-solution of M. First, from duality 
and Mayer- Vietoris arguments it follows that 

7Ti{W)/tti{W)^^^ = //i(VF;Z)/torsion ^ Z 
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and it is generated by a meridian of F (not a meridian of K\). There- 
fore Hi{M) Hi{W) is an isomorphism. (Throughout this proof Hi{—) 
designates Hi{—;Q).) 

Now we compute the second homology and the intersection pairing of W. 
Let W = W^^^ be the infinite cychc cover of W induced by 

ni{W) 7ri(H^)/7ri(M/)g) = Z. 

We will use a standard cut-paste construction of W. Denoting the infinite 
cyclic cover of X by X, we have 

W = X U RxR. 

FxTS. 

Recall that F is boundary parallel in V. Thus there is a proper embed- 
ding f:Fx[0,l]^X such that f{F x 1) C dV C dX and f{F x 0) C 
dX — dV induces our framing on F in V. Let y be X cut along f{Fx [0, 1]). 
There are inclusions 

F X [0,1] — > dY 

corresponding to the positive and negative normal directions oi f{F x [0, 1]) 
in X, respectively. Then X is given by 

X = ( ]J j / z_(z) ~ ti+iz) ior zeFx [0, 1], 

where f^Y is a copy of Y so that t can be viewed as a deck translation in a 
natural way. 

Since Y^V = AU (2-handle), 



Hi{A) for i / 2, 

H2{A)®q fori = 2. 



Hi(Y) = 

By a Mayer- Vietoris argument, there is an exact sequence 



>^H2{F) ^ 0/f2(ry) H2{X) 

0i7i(F) ^ 0i/i(ry) ^ iJi(X) 

It can be seen that 0i7i(t"y) = 0, 0i?i(F) = Q[t=^^]29 where g is the 
genus of F, and q is the map 

Q[t^^] (i/2(A) ® Q[t±i]) ® Q[t±^] 

sending a to (0, {t — l)a). Thus 

H2iX) ^ {H2{A) ® Q[i±i]) e Q e Q[i±i]2ff. 
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On the other hand, by a Mayer- Vietoris argument for W = X U {R x M), 
we have a long exact sequence 

H2{F) ^ H2{X) ® H2{R) H2iW) 

Hi{F) Hi{X) e Hi{R) Hi{W) — > 
where the cokernel of P is exactly 

and 7 is the projection Q^^ Q^. From this we obtain Hi(\V) = and an 
exact sequence 

{H2{A) Q[t±^]) e Q[t±i]29 H2{W) ^ 0. 

Furthermore generators are explicitly identified as follows. Choose 1- 
cycles ei, . . . , e2g in F which form a basis of Hi{F) such that e^+i, . . . , e2g 
generate the kernel of Hi{F) Hi{R) and ei,...,eg are dual to them. 
We may assume that i±{ei x 0) C (9A, viewing A as a subset of y = 
y = A U 2-handle. Appealing to the fact that 9A is a rational sphere, we 
can choose 2-chains c^, c~ in a collar neighborhood of (9A C A such that 
dcj^ = i±{ei X 0) for i = 1, . . . , 2g. From our choice of the e^, we can assume 
that there are 2-chains di in R x M. such that ddi = i-{ei x 0) in for 
i = g + 1, . . . ,2g. Then cf • c~ = S{ei, ej) where 5 is the Seifert form of Fq. 
(To verify this, one may appeal to the properties of rational-valued linking 
number mentioned in j3 p. 1169].) 

Let 

Vi = U -tcl for z = 1, . . . , 2g, 
Ui = cj U —di for z = (7 + 1, . . . , 2(7. 

Then they can be viewed as 2-cycles in W , and from the above computation, 
it follows that the Vi form a basis of C H2iW) and the images of 

the Ui under H2{W) — form a basis of Q^. 

From the intersection data of cf , the intersection form of H2{W) is 
computed as follows: 

Vi ■ Vj = S{ej,ei) + S{ei, ej) - t~^S{ej,ei) - tS{ei, ej), 
Vi ■ Uj = S{ej,ei) - t~^S{ei, ej). 

In other words, the restrictions of the intersection form on (vi) x (vi) and 
(vi) X {ui) are represented by 

{l-t)A + {l-t-^)A^, 
- t-^A, 

respectively, where A is the Seifert matrix of Fq with respect to {ei}. 
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H2{W) is computed from the above results as follows. Milnor's result 
on infinite cyclic covers |37j gives us a long exact sequence 



H2{W) ^ H2{W) 



H2{W) — > Hi{W) Hi{W) 



From this it follows that H2{W) is isomorphic to the cokernel of i — 1 on 
H2{W), since Hi(W) = 0. Applying the snake lemma to the commutative 
diagram 











iH2iA)<s,q[t^^])eq[t- 



H2{W) 



t-1 



i-l=0 



■(i^2(A) 



±1125. 



H2{W) 











we can see that H2{W) = i/2(A)©Q^, where the factor is generated by 
the images vi, . . .,Vg,Ug+i, ...,U2g G H2{W) of fi, . . . ,Vg,Ug+i, ...,U2g G 
H2{W). Furthermore, the intersection form on H2(W) is also obtained by 
plugging in t = 1 into the above computation: on (vi) x (vi) and (vi) x (uj), 
the intersection forms are given by 

[il-t)A + il-t-^)A^^ 



\t=i 



0, 



r^A] 



t=i 



A^ - A, 



respectively. Since the latter is the intersection form on F, it follows that 
{vi} and {ui} are dual. Since A is a rational (O)-solution, there is a basis 
{xi, . . . . . .,yk} of H2{A) such that Xo{xi,Xj) = 0, Xoixi,yj) = 5ij. 

Then the Vi, xj jUi, yj form a basis of H2{W) = F2(A) © which satisfies 
the definition of a rational (O)-solution. 

In case of h = 0.5, our hypothesis is that A is a rational (0.5)-solution 
of S and the Seifert form S of Fq is metabolic. If 

H c Hi{F) = CokeT{Hi{dFo) — > Hi{Fo)} 

is a metabolizer of S, then it can be seen that the pre-image of H under 

Hi (F; Z) ^ Hi{F;Z)(S)Q = Hi (F) 

is a half-dimensional summand. Choosing a basis of H and dual elements, 
we obtain a basis {ei, . . . , e2g} of Hi{F; Z) such that the Seifert matrix A 
and the intersection matrix — A are of the following form: 



A 



* 

* * 



A^ - A 



/ 
-/ 



We may assume that {ei} is a standard symplectic basis of Hi{F; Z) so that 
there is a handlebody R bounded by F such that (e^+i, . . . , e2g) is the kernel 
of Hi{F) Hi{R). Now, by performing the above computation using our 
{ci} and R, W is a rational (O)-solution, and in addition, the intersection 
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form of H2{W) vanishes on the submodule generated by the pre-images 
vi,. . . ,Vg G H2{W) of vi,. . . ,Vg. Let 

x'i = Xi<E)l£ H2iA) Q[t±i] c H2iW). 

Then vi, . . . ,Vg,x'i, . . . ,x'f, are elements in H2{W) which are sent to the 
basis elements vi, . . . ,Vg,xi, . . . ,Xk € H2{W) and the intersection form of 
H2{W) vanishes on them. It follows that W is a rational (0.5)-solution. 
This completes the if parts. 

The only if part of (1) follows from Proposition 15.71 For the only if part 
of (2), suppose ly is a rational (0.5)-solution of the zero-surgery manifold M. 
Let c be the complexity of W. Since c is a multiple of the complexity of 
K, there is a generalized Seifert surface of complexity c, and by attaching 
parallel copies of the core disks of the added 2-handle in M, we obtain a 
closed surface F in M. The Thom-Pontryagin construction produces a map 
/ : M — > 5^ associated to F. It induces Hi{M; Z) ^ Z sending the meridian 
of K to c, and thus, it factors through 

Hi{W;Z) — > i?i(Ty;Z)/torsion = Z. 

Hence / extends to W ^ . A transversality argument gives us a properly 
embedded 3-manifold R in W bounded by F. 

Now we modify R so that H = Kei{Hi{F) Hi{R)} becomes a metab- 
olizer of the Seifert form of F, by proceeding in a similar way to the proof 
of jl3l Proposition 9.2]. We denote the first solvable cover VF(^) by W as 
before. We may assume that the elements u'^ S H2{W) described in Defini- 
tion 15. 21 are in the image of H2{W;Z) — > H2{W) by taking multiples of u^. 
Appealing to J13I, Lemma 7.4], we may assume that the images Ui G H2{W) 
are represented by disjoint surfaces Fi C W which are lifted to W. More- 
over, we may assume that the Fi are disjoint to i? by a standard argument 
removing intersections in the cover W; W is obtained by a cut-paste con- 
struction using R cW so that the intersection of a fixed lift of R and a lift 
Fi of Fi is a 1-manifold which is null- homologous in Fi. We can "surger" R 
along subsurfaces in Fi to remove the intersection. 

Let L be the subgroup in H2{W) generated by the Fi. By Definition 15 .21 
L"*- = L with respect to the intersection form on H2{W). Given 1-cycles x, 
y on F representing elements in H, there are 2-chains c, d in R and c' in 
M such that dc = dd = nx and dd = ny for some n 7^ 0. Since c — d 
is disjoint to the Fi, c — d represents an element in . Since L = L"*", 
m(c — d) is a linear combination of the Fi in H2{W; Z) for some m ^ 0. By 
subtracting this linear combination from mc, we obtain a 2-chain c" such 
that c" — md = 0. Now the Seifert pairing at {x,y) is given by v?S{x,y) = 
d ■ y~^ (intersection in M). It is equal to the intersection d ■ d~^ in W, where 
d~^ denotes pushoff from R. Since c" — md = and the Fi are disjoint from 
R, md ■ d~^ = c" -d^ = 0. This proves the claim that H is a metabolizer. □ 
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5.2. Effect of complexity change 

In this section we investigate the effect of change of poly-torsion-free- 
abehan (PTFA) group coefficients on the higher-order Alexander module, 
Blanchfield form, and von Neumann p-invariant. We start by recalling nec- 
essary results of Cochran, Orr, and Teichner |13j with a little technical 
addendum. 

5.2.1. Obstructions to admitting a rational solution of a fixed 
complexity. In this subsection we discuss an inductive construction of 
PTFA coefficient systems using the Blanchfield duality, which was used 
in |13j to define obstructions to admitting a rational solution of a fixed 
complexity. We will focus on only results that we need to use later. For full 
details and proofs, see |13j . 

Let M be a 3-manifold and (j): 7ri(M) — > F be a homomorphism into a 
PTFA group F. Let K, = QF(QF - {0})"^ be the skew field of quotients of 
the Ore domain QF which is obtained by inverting nonzero elements from 
right. Let 7^ be a subring of /C containing QF. Then, the homology group 
H^{M]TZ) with 7^-coefficient is defined. We recall its definition for later 
use. Let X be the regular cover of M associated to tii{M) — > F. The 
cellular chain complex C*(X;Z) becomes a Z[F] -module via the covering 
transformation action of F. H^:(M;TZ) is defined to be the homology of the 
chain complex 

C,{M;n) =a{X;Z) 0^^] ^• 
The associated (rational) Alexander module is defined to be the homol- 
ogy module A = Hi{M;TZ). There is a nondegenerated linking form 

Bi:AxA — > K/n 

which is called the Blanchfield form |13j . For later use we give a geometric 
description of Bl. Given 1-cycles x and y in Ci{M;TZ), there is a 2-cycle u 
in C2(M; 71) such that du = ax for some nonzero a G TZ since ^ is a torsion 
7^-module (e.g., see |13j ). Then 

B£{x, y) = - • I{u, y)+ne JC/TZ 
a 

where /(n, y) denotes the 7^-valued twisted intersection number of u and y. 

By a universal coefficient spectral sequence argument and a standard 
interpretation of the first group cohomology as the set of derivations, we 
have 

Hom(^,X:/7^) - H\M;IC/n) - {derivations vr,(M) ^ /C/7^} _ 

jprmcipal derivations) 

Given an element x G A, the adjoint map A K,/1Z sending y to Bl{y,x) 
gives rise to a derivation d: tti{M) — > IC/TZ which is unique up to principal 
derivations. By the universal property of the semidirect product, it induces 
a homomorphism 

ip = ip{x, 4>) : 7ri(M) — > K/n >4 F 
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given by Lp{g) = {d{g), (pig))- In |13j it was shown that if is weh-defined up 
to /C/7^-conjugation. 

This construction is apphed inductively to construct coefficient systems 
of the surgery manifold of a knot over the following PTFA groups. 

Definition 5.12. The n-th rationally universal group r„ is defined in- 
ductively by 

To = z, r„+i = /c„/7^„ X r„ (n>o) 

where /C„ is the skew field of quotients of Qr„ and 

7^n = Q[rn](Q[rn,r,] -o)-i c /c,. 

(In |13j our r„ was denoted by FJ^.) 

Henceforth we view Tq as the multiplicative infinite cyclic group (t) 
generated by t. 

Suppose that is a knot in a rational sphere with vanishing Q/Z- valued 
self-linking. Let M be the result of surgery along the zero-framing of K on 
the ambient space. Fix a positive multiple c of the complexity of K. We 
construct F„-coefficient systems (pn on M, which depend on the choice of c. 
Let 

cPo: TTi{M) ^ To = {t) 
be the homomorphism sending the (positively oriented) meridian of K to 

S (t) , which (uniquely) exists by our choice of c. Suppose : vri (M) 
Tn has been defined. Choosing Xn £ An = Hi{M]TZn), a new coefficient 
system 

(l^n+l = (l>n+l{Xn,(t>n)- TTi{M) > F„+i 

is induced as discussed above. 

Given a closed 3-manifold M and a group homomorphism 0: 7ri(M) — > 
G, there defined the von Neumann signature invariant p{M, 0) G M (see 
Cheeger-Gromov j2] ) ■ The following theorem of Cochran-Orr-Teichner |13j 
states that for a certain choice of x„, p{M, cpn) gives an obstruction to being 
rationally (n.5)-solvable via a rational (n.5)-solution of complexity c. 

Theorem 5.13 (c.f., Theorem 4.6 of jl3j ). Suppose K is a rational knot 
with vanishing QfZ-valued self-linking, M is the surgery manifold of K, 
and (pQ-. 7ri(M) — > Fq is the homomorphism sending the meridian of K to 
f^, where c is a positive multiple of the complexity of K . If W is a rational 
{n)-solution of complexity c for K, then the following statements hold: 

(0) 00 '■ vri(M) Fq factors through 7ri(VF). It gives rise to the Alexan- 
der module Aq = Hi{M\TZq) and the Blanchfield form 

Beo: Ao X Ao ^ JCo/TZq. 

(0.5) piM,cPo) = 0. 

(1) Pq = Kerj^o ~^ Hi(W;TZo)} is self- annihilating with respect to 
Bio, CLf^d for any xq ^ Pq, the induced coefficient system 

01 = 0i(xo,0o): vri(M) — > Fi 
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factors through iri{W). It gives rise to the Alexander module Ai = 
Hi{M]lZ\) and the Blanchfield form 

Bii: ^1 X ^1 — > /Cl/7^l. 

(1.5) p{M,^^) = 0. 

(n) Pn-i = Ker{A„_i — > Hi{W;Tln-i)} is self- annihilating with re- 
spect to B£n-i, and for any Xn-i G Pn~i, the induced coefficient 
system 

4>n = (t>n{Xn~l, (t>n-l) ■ Vri(M) > Tn 

factors through 7ri{W). It gives rise to the Alexander module An = 
Hi{M;IZn) and the Blanchfield form 

B£n • An X Afi ^ K^n /I^n • 

In addition, if W is a rational {n.b)- solution of complexity c, then the fol- 
lowing statement holds: 

(n.5) p(M,</.„) =0. 

Remark 5.14. In the original work of Cochran, Orr, and Teichner jl3j . 
they discussed this result under the following restrictions: 

(1) They considered rational solvability of knots in only. We gen- 
eralizes it for rational knots admitting well-defined zero-surgery 
manifolds. 

(2) They stated the hypothesis on (pQ in terms of the notion of "mul- 
tiplicity", rather than complexity. In particular, they considered 
only the case that the extension niiW) ^ Z of 0o: ■ki{M) — > Z is 
surjective. We do not require it. 

In spite of this, their original proof works for Theorem I5.1HI without any 
substantial modification. We do not repeat the details. 

We emphasize again that the obstructions in Theorem 15. 131 depends on 
the choice of c. To handle all the possible values of c, we investigate the 
effect of change of c in the next subsection. 

5.2.2. Change of coefRcient systems. In this subsection we observe 
naturality of higher order Alexander modules, Blanchfield forms, and asso- 
ciated /9-invariants with respect to coefficients. 

Suppose that 4>: ■ki{M) T and (f)' : 7ri(M) V are PTFA coeffi- 
cient systems and /i: F ^ T' is an injection making the following diagram 
commute: 

7ri(M) ^ r 
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Note that in this case the von Neumann invariants p{M, cf)) and p{M, cj)') are 
the same by the following result. 

Proposition 5.15 (Subgroup property). If (f): 7ri(M) G is a homo- 
morphism and i: G ^ G' is an injection, then p{M, (J)) = p{M, io (p). 

This is due to Cheeger-Gromov See also jl3l Proposition 5.13]. 

We investigate the relationship of induced coefficient systems obtained 
from (j) and (j)' . Let /C be the skew field of quotients of QF and TZ he a, 
subring such that QF C 7^ C /C as before, and QF' d IZ' d K! similarly. 
Let A = Hi{M;TZ) and A' = Hi{M;n') be the Alexander modules and Bi 
and Bi' be the Blanchfield forms associated to (p and (p' , respectively. We 
assume that the induced homomorphism IC ^ fC' sends TZ into TV so that 
TZ' can be viewed as an 7?.-module. 

Theorem 5.16. IfTZisa PID, then the fallowings hold: 

(1) A! = A(E)n'R-' ■ 

(2) The Blanchfield form BC : A' >i A! ^ K.' /IZ' is given by 

Bl'{x ®a,y®b) = a- Bi{x, y)^ ■ b 

where B£{x,y)'^ is the image of B£{x,y) under the induced homo- 
morphism KL/IZ KL' /IZ' . 

(3) For x' = x®\^A®lZ' = A!, the coefficient system 

^' = V9'(x', (/)') : 7ri(M) — > K' /TZ' x F' 

induced by x' and (j)' is given by ip' = ho ip, where h is the homo- 
morphism induced by h. 

7ri(M) ^ K/n X F 




K'/TZ' X F' 



(4) h is injective if and only if the pre-image of TZ' under IC ^ IC' is 
exactly TZ. In this case, we have 

piM,ip)=piM,ip'). 

Proof. Denote the regular coverings of M associated to (p and (p' by X 
and X' , respectively. Since X' is the disjoint union of copies of X indexed 
by cosets of h{T) in F', the cellular chain complex of X' is given by 



G^{X';Z) =C,(X;Z) ®zr ZF'. 
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Thus the T^'-coefficient chain complex C^,(M; TZ') can be computed in terms 
of a(M;7^): 

C,(M;7^') = C4X';Z) ®zr' ^' 

= c,iX;Z) ®zr n' 

= (C*(X;Z) 0zr 7^) 07^ 

= a(M;7^) ®7^ 7^^ 

Since 7^' C /C' and TZ injects into IC' , TZ' is 7^-torsion free. Since 7?. is a PID, 
TZ' is 7^-free (one may appeal to a noncommutative version of the structure 
theorem of modules over a PID, e.g., see |15j ). Hence (1) follows from the 
universal coefficient theorem. 

Furthermore the T^'-valued intersection form 

(Cl(M;7^) ®7^') X (C2(M;7^) ®7^') — >TZ' 

is given by (x (8> a, y (8) 6) — > a ■ {x ■ y)^ ■ h where {x ■ y)^ is the image of 
the 7^- valued intersection of x and y under IZ ^ IZ' . Thus (2) follows from 
the geometric description of the Blanchfield form discussed in the previous 
subsection. 

From (2), the derivation 7ri(M) K,' /IZ' associated to x (X" 1 G .A' is the 
composition 

^i(M) ^/C/7^ — >1C'/1Z' 

where d is the derivation associated to x ^ A. Thus by the definition, 
Lf' = ho if. This shows (3). 
For (4), observe that 

h: K/TZ X r — > K'/n' X r' 

is an injection if and only if so is IC/TZ /C'/7^', since h: F — > F' is injective 
by the hypothesis. The last conclusion follows from the subgroup property. 

□ 

Applying Theorem 15 . 161 inductivelv to the construction of rationally uni- 
versal coefficient systems discussed in the previous subsection, we obtain the 
following corollary: suppose c is a multiple of the complexity of and 

</>o, 00 : 7ri(M) ^Fo = {t) 

are homomorphisms sending the meridian of K to and f^'^, respectively. 
Let hn'-^n ^ Tn be the homomorphism induced by /iq : Fq — > Fq sending t 
to . hn gives rise to another 7^„-bimodule structure on IZn via r ■ x ■ s = 
hn{r)xs. For a right 7?.n-module Ai, we denote the tensor product of Ai 
and TZn with this module structure by Ai (^h^ TZn- 

Corollary 5.17. 
(0) Suppose Aq is the Alexander module associated to </>o and BIq is 
the Blanchfield form on Aq . Then 

— The coefficient system (/)q is given by (pQ = ho o (pQ. 
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— The Alexander module A'q associated to cpQ is given by 

— The Blanchfield form BI'q on A'q is given by 

BI'q{x ®a,y®b) = a- Bio{x, y)^° ■ b. 

— p{M,(po)=p{MA'o)- 

(1) Suppose 01 = 0i(xo,0o): t^i{M) — > Fi is the coefficient system 
corresponding to xq G Aq, Ai is the associated Alexander module, 
and Bii is the Blanchfield form on Ai . Then for = xq <8> 1 S .4.Q, 

— The coefficient system = (j)'i{xQ, 0q) is given by (p'^ = hiocpi. 

— The Alexander module A'l associated to (p'l is given by 

A[ =Ai ^1- 

— The Blanchfield form Bi'i on A'l is given by 

Bi[{x(S)a,y0b) = a- Bli{x,yf^ -b. 

— p(M, 01 )=p(M, </.;). 

(n) Suppose (pn = fpnixn-i, 4'n-i) '■ TTi{M) Tn is the coefficient sys- 
tem corresponding to Xn-i G An-i, An is the associated Alexan- 
der module, and Bin is the Blanchfield form on An- Then for 

^n—l ~ 'X' 1 G A,^_i, 

— The coefficient system = 0^(xj^_]^, (/>'„_ ^) is given by cp'^ = 

hn o (j)n. 

— The Alexander module A'n associated to (p'^ is given by 

Aln = An Tin. 

— The Blanchfield form Bl'^ on A'n is given by 

Be'^{x (g)a,y(g)b) = a- Bln{x, y)^" • b. 

— p{M,Cpn)=p{MA'n)- 

Proof. The only one thing we need to check is whether the homomor- 
phism /: /C^ /C„ induced by hn satisfies f~^{JZn) = Tin- This imphes 
that hn is injective for ah n. For this we appeal to the fact that 

= Qr„(Q[r„,r„] -{o})-i 

is isomorphic the Laurent polynomial ring lC[t^^] over the skew field of 
quotients IK of Q[r„,r„], where t is represented by a generator of Tq = Z 
(see |13j l. Thus /C„ is isomorphic to the skew field of rational functions 
and the concerned homomorphism /: ]fC(f) is given by 

Y^f.a,^Y.t"-{a,f- 
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where a — > a " denotes the homomorphism on K induced by /i„ . Combining 
this with the long-division algorithm, it follows that, for any P{t),Q{t) G 
K[t^^], if f{P{t)) divides then P{t) divides Q{t). This shows 

/-i(IC[t±^]) =]K[t±i]. □ 

From Corollary 15.171 we can see that if the metabolizer P„ C An in 
Theorem 15 . 1 31 can be controlled in an appropriate way as c varies, then we 
can choose elements x„ S P„ such that the value of the associated p-invariant 
in Theorem l5.13l is independent of c. In this case a single p- invariant would 
obstruct the existence of rational solutions of any complexity. The next 
section is devoted to a construction of examples for which we can control 
the first metabolizer Pq as desired. 

5.3. Realization of Alexander modules by ribbon knots 

In this section we discuss realization of certain classical Alexander mod- 
ules and Blanchfield forms by ribbon knots. Recall that the classical Alexan- 
der module of a knot K in is defined to be Hi{S^ — K; Z[t^^]) where the 
Z[t=t^]-coefficient system is induced by ni{S^ - K) ^ Hi{S^ - K) = {t) 
sending the meridian to t. 

Theorem 5.18. For any polynomial P{t) with integer coefficients such 
that P{1) = ±1 and P(t~^) = P{t) up to multiplication by ztt", there is a 
ribbon knot K in whose classical Alexander module is . 

We remark that some special cases of Theorem 15 . 181 were considered by 
Kim j28j and Friedl 18 . Theorem 15.181 generalizes their ad-hoc methods. 
We also remark that there are well-known realization results of Alexander 
polynomials by slice knots. Since the author could not find the necessary 
realization result of Alexander modules in the literature, he gives a proof of 
Theorem 15. 181 for concreteness. 

Proof. For notational convenience we may assume that P{t) is of the 
form 

P{t) = agt^ + --- + ait + aQ + ait'^ + ■■■ + agt'^ 

and P(l) = 1 without any loss of generality. 

The knot K is obtained by a surgery construction which is similar to [31^ 
I16j . See Figure^ We perform (+1), (—1), and (— l)-surgery on S"^ along the 
curves ai, a2-, and 03 illustrated in Figure^ respectively. In Figure^ (ztoj) 
denotes the number of full twists. qi may be viewed as a knot obtained by g 
band sum operations on a link with (5+1) unknotted components Cq, . . . ,Cg 
satisfying lk{Co,Ci) = Oj and lk{Ci,Cj) = for i,j > 0. The band joining 
Co and Ci wraps i times the unknotted circle Kq for i = 1, . . . ,g. Similarly 
for a2', observe the symmetry of Figure ^ with respect to the reflection about 
a horizontal mirror. The result of surgery along ai, 02, and is again 
and Kq becomes a (nontrivial) knot K in S^. 
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Figure 1. 



We will show that this knot K has the desired properties. First we 
compute the classical Alexander module of K. The infinite cyclic cover 
of the complement of the unknotted circle Kq is M^, and the pre-image of 
each Oi consists of infinitely many simple closed curves f3i where t denotes 
the covering transformation corresponding to the meridian of Kq. Figure 121 
illustrates these curves in M^. 

The infinite cyclic cover of the complement of K is obtained by perform- 
ing surgery along the curves P f3i, j £ Z, i = 1,2,3. The surgery framings in 
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Figure 2. 



Figured can be verified using the equation 

(framing on + lk(/3j, t-'/Jj) = (framing on aj). 

Here we need the fact that P{1) = 2{ag + - ■ • + ai) + ao = 1 and lk{(3i,P f3i) = 
0|j| if z = 1, —ay\ if i = 2. 
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By the Alexander duality, the exterior X of |Jj ^ (3i has Hi{X; Z,[t^^]) = 
1j[t^^]^ which is generated by the meridian Cj of Pi, i = 1,2,3. Filling X 
with copies of x D^, we obtain the infinite cyclic cover of the complement 
of K, and its first Z[t^^] -homology is the quotient of Hi{X;Z[t^^]) by the 
Z[t^^]-submodule generated by the parallels of the Pi corresponding to the 
framings, i = 1,2,3. From mutual linkings and framings of t^Pi, it follows 
that the relations from surgery gives us a presentation matrix 

'P{t) 1 " 

-P{t) 1 

1 1 -1 

of the classical Alexander module of K. 

Adding the last row to the first and second rows, we can eliminate the 
last row and column from the presentation. This gives us a new matrix 

+ 1 1 " 

1 -P{t) + 1 ■ 

Adding {P{t) — 1) times the first row to the second row, we can eliminate 
the first row and the second column, and the resulting 1x1 matrix gives us 
the module Z[t^^]/ {P{tf) as desired. 

Now it remains to show that K is ribbon. For this purpose we transform 
Figure n^-s in Figure |21 First, since the simple closed curves ai and 02 in 
Figure n^-re unknotted. Figure ^ can be isotoped to the first Kir by diagram 
in Figure |31 where T represents a tangle and —T is its mirror image with 
respect to a vertical mirror. Next, by performing "Rolfsen twist" on ai and 
a2, we obtain the second Kir by diagram in Figure [51 By this, as illustrated 
in the second diagram, the curve becomes the boundary of a 2-disk D^, 
and Kq becomes a knotted circle Ki in S^. Observe that Ki bounds a 
ribbon disk D in since it is a connected sum of a knot and its mirror 
image. Furthermore, the intersection of D and the 2-disk consists of 
disjoint arcs in the interior of D^. Finally we perform another Rolfsen twist 
along dD^. It gives us our knot K illustrated in the last diagram in Figure 01 
In fact, K is obtained from Ki by cutting along and pasting along 
a full rotation on D^. This operation transforms the ribbon disk D of Ki 
into a ribbon disk of K. It completes the proof. □ 

Remark 5.19. By a straightforward computation, it can also be seen 
that the Blanchfield form of K 

B£:AxA — >Q{t)/Z[t^^] 

is given by 

Bi{m,9{t)) = /(^)g(^Knt) - 1) ^ 

where the Alexander module A is identified with in such a 

way that the meridian ei of ai is identified with 1, as in the above proof. 
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Figure 3. 
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5.4. Knots which are not rationally (1.5)-solvable 

In this section we construct a family of knots in which have metabolic 
Seifert matrices but are not rational slice knots. In fact we will show that 
for each knot in the family a single von Neumann p-invariant obstructs the 
existence of rational solutions of any complexity. 

In the construction we need the following special case of Proposition l3.18| 
which will play a crucial role in controlling the configuration of metabolizer 
in the rational Alexander module for an arbitrary complexity. 

Lemma 5.20 (A special case of Proposition 13. 18^ . Suppose X{t) = at^ — 
(2a + l)t + a where a is an odd prime. Then X{t^) is irreducible for any 
positive integer r. 

In the following statement, M is the zero-surgery manifold of a knot K 
in and is its rational Alexander module associated to (po : vri (M) 
Tq = (t) sending the meridian to t. 

Proposition 5.21. Suppose X(t) is a polynomial satisfying Lemma \5.2(A 
and K is a knot in such that Aq = Q[t^^]/(A(t)^). If K has a rational 
{1.5) -solution of any complexity, then for any element xq of the form 

xo = fmit) + {X{tf) G Ao 

where f{t) is a polynomial, the von Neumann invariant p{M,4>i) associated 
to 

4)1 = (/)i(xo,(/>o): vri(M) — > Fi 

vanishes. 

Proof. Suppose that there is a rational (1.5)-solution. Let denote its 
complexity by c. Let (p'^: tii{M) (t) be the homomorphism sending the 
meridian of K to t^ and h^: Tq ^ Tq be the map t — > as in Section 15.21 
By Corollary I5.17( the Alexander module associated to (j)Q is given by 

A'o^Ao <S)ho 7^o = Q[^^V(A(^')')• 

Since X{t'^) is irreducible, has a unique proper submodule X{t'^)AQ = 
P 7^o where P = X{t)Ao C A- 

By Theorem 15.131 there is a self-annihilating submodule P' £ A'q such 
that p{M, (p'^) =0 for any (j)'^ : iti{M) Ti associated to an element in P' . 
Since P' is a proper submodule, P' must be equal to P TZq. Since 
^0 = /(*)-A(*) + i^i't)'^) is contained in P, x'q = xq 1 is contained in P' . 
Let 

4>i = 4>i{xo, (p'o) : vri(M) — > Fi. 
Then from Corollary EHH it follows that p{M, 0i) = p{M, = 0. □ 

For any polynomial A(t) satisfying Lemma I5.20( we can choose a rib- 
bon knot with classical Alexander module Z[i^^]/(A(i)^) by appealing to 
Theorem 15.181 This knot satisfies the hypothesis of Proposition 15.211 
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We will modify this knot, without altering the Alexander module, to 
realize a nontrivial value of the concerned p-invariant. For this purpose, 
as in |13^ I14^ I28j . we use a well-known construction which is sometimes 
called "satellite construction", "grafting construction", or "genetic modifi- 
cation". Let K' be a knot in S'^ with zero-surgery manifold M', and t] be 
an unknotted simple closed curves in — K' . Let J be another knot in S'^ . 
We modify K' by "tying J along 77" as follows. Remove an open tubular 
neighborhood Ur^ of r/, and fill it in with the exterior Ej of J along an orien- 
tation reversing homeomorphism between their boundaries which identifies 
the meridian and the zero-linking longitude of J with the zero-linking longi- 
tude and the meridian of 77, respectively. Then we obtain again S^, but K' 
becomes a new knot, say K. The zero-surgery manifold M of if is given by 
M = {M' — Ufj) L)q Ej. It is known that the invariant of K is expressed 
in terms of the /3-invariant of K' and the signature function of J. Let 

p{J) = j aw{J) dw 

be the integral of the knot signature function 

a^{J) = sign ((1 - w)A + (1 - w-^)A^) 

of J over the complex unit circle normalized to length one, where A is a 
Seifert matrix of J. 

Lemma 5.22 (HUEH]). is a homomorphism o/7ri(M') into a PTFA 
group T, then there is a unique homomorphism (p: tti{M) T such that the 
compositions 

TTi{M' - Uri) > TTi{M) ^ r 

7ri(M' - Uri) — > TTi{M') ^ r 
are identical and the composition 

^i{Ej)^TTi{M)^V 
factors through Hi{Ej). Furthermore, 

fp{M', (!>'), if(t>'{v) = h 



p{M,<t>) 



\p{M', 4>') + p( J), otherwise. 



The existence of (p and its uniqueness easily follow from the fact that 
Hi[Ej) is an infinite cyclic group generated by the meridian of J. For the 
proof of the /)-invariant formula, see |14( Proposition 3.2]. 

Returning to the construction of our example, choose a polynomial A(t) 
satisfying Lemma [5. 201 and choose a ribbon knot K' with zero-surgery man- 
ifold of M' such that the rational Alexander module -?/i(M'; Q[t^^]) associ- 
ated to (/>o: 7ri(M') — > (t) sending the meridian of K' to t is isomorphic to 
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Q[t^'^]/{X{tf). Choose a curve tj in - K' such that lk(r/,K') = and r/ 
represents the element 

1 + {\{tf) G Q[t±V(A(t)') = Fi(Af';Q[t±i]) 

We may assume that r] is an unknotted simple closed curve by crossing 
change. Choose a knot J in such that the Arf invariant vanishes and 
p{J) 7^ 0. For example, the connected sum of two trefoil knots has this 
property. By tying J along r] as above, we obtain a new knot K. 

Theorem 5.23. The knot K is integrally {l)-solvable but not rationally 
(1.5) -solvable. 

Proof. Since r/ E [7ri(M'), 7ri(M')] and J has vanishing Arf invariant, 
K is integrally (l)-solvable by Proposition 3.1 of |14j . 

Let M be the zero-surgery manifold of K and (po: 7ri(M) (t) be the 
canonical map sending the meridian to t. Let denote the rational Alexander 
module Hi{M;Q[t^^]) associated to (po by ^o- As in the above discussion, 
M = (M' — Urj) Ug Ej, and a standard Mayer- Vietoris argument shows that 

M < — (M' - Uri) — > M' 

gives rise to an isomorphism 

Ao = i/i(M;Q[t±i]) - i/i(Af';Q[t±i]) = q[t^']/{X{tf). 

Let 

4>i = 01 (xo, (po) ■ vri(M) — > Fi, 
<A; = <A'i(xo,</'^,):vri(M')^Fi 
be the homomorphisms determined by 

xo = A(t) + (A(t)2)GQ[t±V(A(t)')- 

Since K' is ribbon, p(M',(f)'^) = by Proposition I5.2J1 We claim that 
p{M,(pi) is nontrivial. Since r] represents a generator of the cyclic module 
^0 and the Blanchfield form BIq on is nondegenerated, B£Q{r],xo) is 
nontrivial. (Or alternatively, we can use the formula of the Blanchfield form 
given in Remark 15.191 1 Therefore </'i(?7) is nontrivial (see the discussion on 
the induced homomorphism ip = ip{x,(p) at the beginning of 15.2. 1() . By the 
definition of our isomorphism between rational Alexander modules of K and 
K', we can apply Lemma l5.22l to obtain 

p(M, 01 ) = p{M', + p( J) = p{J) / 0. 

From Proposition 15 . 2 ll it follows that K is not rationally (1.5)-solvable. □ 

By using different knots J, our construction produces infinitely many 
knots which are integrally (l)-solvable but not rationally (1.5)-solvable. In 
fact, if we use an appropriate family of knots J described below, it can be 
shown that these knots are linearly independent modulo rationally (1-5)- 
solvable knots. 



90 



5. RATIONAL KNOTS IN DIMENSION THREE 



Proposition 5.24 (Proposition 2.6 in [Hj). There is a family of knots 
Ji, i = 0,1,2..., such that Ji has vanishing Arf invariants and the real 
numbers p{Ji) are linearly independent over the integers. 

For a proof, see jl4j . 

Theorem 5.25. There are infinitely many integrally {\)-solvahle knots 
in which are linearly independent in / J^^^ . 

Proof. For i = 1,2, ... ,\et Ki be the knot obtained by the construction 
of Theorem I5.23( using the knot Ji given in Proposition 15.241 in place of J. 
Since Ji has vanishing Arf invariant, Ki is integrally (l)-solvable as in the 
proof of Theorem 15.231 

We will show that the Ki are linearly independent in -^(^jZ-^s)- Sup- 
pose a linear combination 

n 

K = # a,K, 

i=l 

is rationally (1.5)-solvable for some integers Oj, where ^ denotes the con- 
nected sum operation. We may assume that each is positive by dropping 
vanishing terms and taking —Ki instead of Ki if necessary. Since Ki is not 
rationally (1.5)-solvable, we may also assume that ai > 2 if n = 1. 

Let denote the zero surgery manifold of Ki and K by Mj and M, re- 
spectively. As in '14' and |28| . we can construct a 4-manifold W with the 
following properties: 

(1) dW = Ml and is a rational (l)-solution of Ki. 

(2) For any homomorphism (p: 7ri(Mi) T into a PTFA group F 
which extends to niiW), the associated p-invariant is given by 

n 

p{Mi,4>) = Y,Cip{Ji) 
1=1 

for some integers q. 
The arguments in |14^ I28j construct an integral solution W with similar 
properties under an analogous integral solvability assumption. Since a minor 
modification of their argument constructs our W, we give a rough sketch 
only. By attaching 2-handles to the disjoint union (J ajMj x [0, 1], we obtain 
a cobordism C from \J UiMi to M. Since each Ki is (l)-solvable, there exists 
an integral (l)-solution Wi of Ki. From the assumption that K is rationally 
(1.5)-solvable, there is a rational (1.5)-solution Wq of K. Attaching Wq, C, 
(ai — l)VFi, a2W2, . . . , anWn along boundaries, we obtain a 4-manifold W 
with boundary Mi. In |28) . it was shown that W is an integral (l)-solution 
when each Wq is an integral solution. In our case, the same argument shows 
that is a rational (l)-solution, whose complexity is the same as the that 
of Wq. Since (p factors through TTiiW), p(Mi,(/)) can be computed via the 
intersection form of W. As in |14^ I28j . since Wq is a rational (1.5)-solution, 
Wo has no contribution to the p-invariant by appealing to |13[ Theorem 4.2]. 
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So does C by a simple homological argument. So it suffices to consider the 
contribution from the Wi. Recall that Ki is obtained from a ribbon knot K' 
given in Theorem I5.18l bv a satellite construction using Jj. Thus we have a 
specific (l)-solution Wi which is obtained by attaching a (O)-solution of 
Ji to the exterior W' of a slice disk of K' along a solid torus. As before, W 
has no contribution to the /o-invariant by appealing to |13( Theorem 4.2]. 
The contribution of is either trivial or p{Ji), depending to whether the 
image of the meridian of Jj is trivial in F. For more details, refer to jl4^i28] . 

Now we use W to compute a particular p- invariant of Mi. Let c be 
the complexity of the rational solution W. Comparing with the integral 
case |14l I28j . the main difficulty of our case is again that we do not know c. 
We control the metabolizer and the /)-invariant as follows. Let 

00, (^'o- 7ri(Mi) ^Fo = (t) 

be the maps sending the meridian of Ki to t, f^, and let -^o be the 
associated rational Alexander modules, respectively. By the property (1) 
above and Theorem 15.131 there is a proper submodule Pq in -^o such that 
for any x'q £ Pq, the associated map 

4>i = 4>i{xo, (/>o) : vri(Mi) — > Fi 
factors through our rational solution W. On the other hand, as in the proof 
of Proposition Eni A = Q[t^^]/ {X{tf) and 

^0 = A <S)ho 7^o = Q[t^V(A(t'=)') 

has a unique proper submodule X{t)Ao (i^ho ^o- Therefore Pq must agree 
with this submodule, and in particular, we can think of Xg = xq ^ 1 where 

xo = Kt) + (Kt?) G A- 
Recall from the proof of Theorem 15.231 that p{Mi,(j)i) = p{Ji) where (pi = 
(^i(xo,0o)- Combining this with the property (2) above and Corollarv l5.171 
we have 

p(Ji) = p(Mi,0i) = p{Mi,(p'i) = Y^c,p{J,). 

i=l 

This contradicts the linear independence of the p{Ji)- □ 
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